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Abstract (English)

This thesis is about non-commutative tori, in particular their cyclic cohomology. We
explicitly compute the (periodic) cyclic cohomology of the pre-C* algebra of smooth
functions on a non-commutative torus, along the lines of Nest [13]. The calculation con-
sists of two steps: in the first, we describe the Hochschild cohomology using a projective
resolution; the second step employs a spectral sequence which relates the Hochschild co-
homology with the periodic cyclic cohomology. As an application, we discuss the index
theory of certain elliptic difference-differential equations associated to non-commutative
tori, as developed by Connes [6]. Preliminary facts about non-commutative geometry
are summarised in the first chapter. This work is expository rather than original, the
aim being to give a detailed account of the previously mentioned results.

Abstract (Deutsch)

Thema dieser Arbeit sind nichtkommutative Tori, insbesondere deren zyklische Koho-
mologie. Fiir die Pra-C*-Algebra der glatten Funktionen auf einem nicht-kommutativen
Torus wird, basierend auf der Arbeit von Nest [13], die (periodische) zyklische Koho-
mologie explizit berechnet. Die Berechnung besteht aus zwei Teilschritten: Im ersten
Schritt beschreiben wir die Hochschild-Kohomologie {iber eine projektive Auflosung; im
zweiten Schritt wird tiber eine Spektralsequenz auf die periodische zyklische Kohomologie
geschlossen. Als Anwendung wird die von Connes [6] entwickelte Indextheorie gewisser
elliptischer Differenz-Differentialgleichungen, die mit nichtkommutativen Tori assoziiert
sind, diskutiert. Die notwendigen Grundlagen aus nichtkommutativer Geometrie sind
im ersten Kapitel zusammengefasst. Ziel dieser Arbeit ist eine detaillierte Darstellung
dieser bereits bekannten Resultate.
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1 Preliminaries

This chapter serves as a brief introduction to C*-algebras, the basic idea of non-com-
mutative geometry, cyclic cohomology and its relation to (noncommutative analogues
of) vector bundles. In particular, we discuss how commutative C*-algebras are dual
to (well-behaved) topological spaces. This motivates thinking of general C*-algebras
as generalised, “non-commutative” topological spaces. Afterwards, we give a minimal
introduction to cyclic cohomology, which can be viewed as a suitable generalisation of
de Rham (co)homology. In particular, there is a generalised version of the relationship
between complex vector bundles over a manifold and its cohomology, this being the topic
of section 1.4. References for this chapter are [1] (particularly for the first section), [9],
and [6] (which is closely followed in sections 1.3 and 1.4).

1.1 C*-algebras

1.1.1 First definitions

A locally compact Hausdorff space X can be studied via the space C(X) of continuous
functions X — C. Pointwise multiplication and addition turn C(X) into a C-algebra,
and with the supremum norm it becomes a Banach algebra. There is one more important
operation, namely the involution C'(X) — C(X) given by pointwise complex conjugation.
The resulting structure is an example of a *-algebra:

Definition 1.1. A Banach *-algebra is a Banach algebra A together with an isometric
involutive antilinear antiautomorphism A — A,z — z*. That is, we have

(1) [l = llll,
(i) (z%)* ==,
(iii) (z + Ay)* = 2* + Ay,
(iv) (zy)" =y a*
for all z,y € A and )\ € C.

Another important example of a *-algebra is provided by £(H), the bounded linear
operators on a Hilbert space H, with taking adjoints as the involution. For both C'(X)
and L(H), the norm and the involution in fact fulfil a stronger identity than (i), the
so-called C*-property:
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Definition 1.2. A C*-algebra is a Banach *-algebra A which fulfils the C*-property:
VeeA: |z*z| = ||z|

To simplify notation, we will usually denote all *-involutions (as well as all norms) with
the same symbols.

For C(X) the C*-property directly follows from the fact that zz = |2|? for z € C. For
a bounded linear operator T' € L(H), the computation

IT|* = (sup [|Tv])? = sup |Tw|* = sup (T*Tw,v) < sup |T*Tol||v] <
Joli=1 Jol=1 Jol=1 Jol=1

< [T

shows | T*T|| > ||T||?, and the reverse inequality is clear from submultiplicativity of the
operator norm.
The C*-property is indeed stronger than isometry. On the one hand, any element x
of a C*-algebra A fulfils
lz[* = fla*z|| < |ll]|=*|

and thus [|z]| < ||z*||, and upon replacing x by z* we conclude ||z|| = ||z*||. On the
other hand, it is not hard to construct Banach *-algebras without the C*-property. In
fact, the norm on a C*-algebra A is completely determined by the remaining (algebraic)
structure due to the identity

VeeA: x| = |z z|"? = r(z*2),

where r(z*z) is the spectral radius of z*x. Consequently, for a given algebra with
involution * as above, there is at most one, but possibly no norm which makes it a C*-
algebra. This indicates that C*-algebras are considerably more structurally rigid than
general Banach *-algebras.

We next define the appropriate notions of morphisms between C*-algebras, and of
C*-subalgebras.

Definition 1.3. Let A, B be C*-algebras. A morphism from A to B is an algebra
homomorphism ¢: A — B such that ¢(a*) = ¢(a)*, for all a € A.

Of course, a morphism should also be continuous, but this follows from the definition.
In fact, one can show that every morphism of C*-algebras is norm-decreasing [1, p. 29].
In particular, if a morphism ¢ is a bijection, then ¢! is also a morphism and ¢ is an
isometry.

Definition 1.4. Let A be a C*-algebra.

(i) A C*-subalgebra of A is a (topologically) closed subalgebra B < A such that for all
x € B also x* € B. In other words, B together with the restrictions of all relevant
data of A becomes itself a C*-algebra.
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(ii) Given a subset S C A, the intersection of all C*-subalgebras of A which contain
S is again a C*-subalgebra. We denote it by C*(S) and say that S generates a
C*-subalgebra B when C*(S) = B. In case S = {z1,..., )} is a finite set, we also
write C*(x1,...,zy) for C*(5).

In the leading example of continuous functions X — C, suppose that X is noncompact
(but still locally compact). It is then useful to look at the continuous functions vanishing
at infinity, which form the C*-subalgebra C((X). Since we assume X to be noncompact,
Co(X) does not have a unit. As for Banach algebras, one can always adjoin a unit as
follows:

Definition & Proposition 1.5. Let A be a C*-algebra. Then AT := A @ C, with the
multiplication

(xl, Zl)(ZCQ,ZQ) = (:E1£L‘2 —+ 21290 + Z2$1,212’2) le,ZL’Q € A, 21,722 € (C,

the norm
|(z,2)|| = sup |azy+zy| Vee A zeC,
yeA,[lyl=1
and the involution
(x,2)" = (2",2") VeeAzeC
is a unital C*-algebra with unit (0,1), which contains A (as {(z,0) | x € A}) as a
maximal ideal. If A is commutative, then so is AT. One calls A" the unitisation of A.

Proof. For a verification of the C*-property, see [1, p. 27]. O

1.1.2 Commutative C*-algebras

As it turns out, our first example of continuous functions on a locally compact Hausdorff
space already captures all commutative C*-algebras. This is known as the Gelfand-
Naimark theorem!. It hinges on the following way of assigning a topological space to an
arbitrary C*-algebra:

Definition 1.6. Let A be a C*-algebra. A character of A is a non-zero algebra homo-
morphism A — C. The Gelfand spectrum G(A) is the set of all characters of A, viewed
as a subspace of A* equipped with the weak-* topology.

Assuming A has a unit, denoted 1 € A, we can also consider the spectra of individual
elements in the usual sense. That is, given x € A we can form its spectrum

o(z) ={z € C|x — 21 is not invertible}.
Now for a character yu: A — C and z € A we necessarily have u(z) € o(x) (otherwise
ker 4 = A which we have excluded in the definition). Thus |u(x)| is bounded above by
the spectral radius and a fortiori by ||z||. We conclude that ||u| < 1, so the Gelfand

spectrum G(A) is contained in the unit ball of A*. Since G(A) C A* is defined by closed
conditions?, it is also closed, hence compact by the Banach-Alaoglu theorem.

There are two Gelfand-Naimark theorems in this context: the one we refer to, and another one
characterising all C*-algebras, see e.g. [1, p.31].
2One can use the condition (1) =1 to ensure u # 0.
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In case A is not unital, we pass to the unitisation AT. This introduces a new character
po € G(A™) defined by po(z,2) = 2. All remaining characters p # po must then fulfil
tla # 0 and hence restrict to characters of A. In fact, this leads to a homeomorphism
G(AT)\ {uo} = G(A), so G(A) is a locally compact Hausdorff space whose one-point
compactification is G(A1). We summarise the preceding discussion in the following:

Proposition 1.7. The Gelfand spectrum G(A) of a C*-algebra A is a locally compact
Hausdorff space. If A is unital, then G(A) is compact, and otherwise its one-point
compactification is G(A™).

Starting from these observations, it is not hard to show that a locally compact Haus-
dorff space can be recovered from Cy(X) as X = G(Cy(X)). Conversely, one can realise
any C*-algebra as an algebra of continuous functions via A = Cy(G(A)), using the fol-
lowing construction: For x € A, we form the continuous map &: G(A) — C given by
Z(p) == p(z). Varying x, we obtain a morphism of C*-algebras A — Cyp(G(A4)), = — %,
called the Gelfand transform of A. By the following theorem, this realises A as an
algebra of continuous functions (cf. [1]):

Theorem 1.8 (Gelfand-Naimark). Let A be a commutative C*-algebra. Then the
Gelfand transform
G: A— Co(M(4)), z—z,

is an isometric isomorphism of C*-algebras.

The above suggests that the assignments X — C(X) and A — G(A) are, in a certain
sense, inverses. In fact, both G and C' can be lifted to contravariant functors in a
straightforward manner. For instance, the functor C' sends morphisms (i.e. continuous
maps) f: Y — X to

C(f):C(X)—=C(Y), hw—hof, (1.1)

which is easily seen to be a morphism of C*-algebras.

These functors then indeed define an equivalence of categories between compact Haus-
dorff spaces and unital commutative C*-algebras.® One can weaken ‘compact’ to ‘locally
compact’ and simultaneously drop unitality by suitably restricting the classes of mor-
phisms on both sides (to continuous proper maps, and so-called proper morphisms (of
C*-algebras), respectively).* [1]. To summarise, we have seen that commutative C*-
algebras are equivalent to locally compact Hausdorff spaces.

1.1.3 Further general theory of C*-algebras

Here we collect various, only loosely related elements of the theory of C*-algebras to be
used later.

Several basic concepts from operator theory can be formulated in the setting of C*-
algebras:

3More precisely, contravariance dictates that one category has to be equivalent to the opposite category
of the other.
4More0ver, one then takes Cy instead of C', in accordance with Theorem 1.8.
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Definition 1.9. Let A be a C*-algebra. An element a € A is called
e normal if z¥*x = xx*,
e unitary if A is unital and z*x = 1 = zz*,
e self-adjoint if x* = x, and
e positive, denoted x > 0, if there exists an element y € A such that x = y*y.

Note that a positive element is necessarily self-adjoint, and that both unitary and
self-adjoint elements are also normal.

Further, x € A is normal if and only if the C*-subalgebra C*(x) is commutative. If A
is unital, then C*(z,1) will even be commutative and unital. One can then show that
the Gelfand spectrum of C*(z, e) is homeomorphic to o(z). Via Theorem 1.8, this yields
an abstract version of the continuous functional calculus for normal elements. Just as
with linear operators, one can use this calculus to apply continuous functions on o(z)
to x. In particular, one derives the following:

Proposition 1.10. Let A be a C*-algebra and x € A.

(i) If x is unitary (in AT if A is not unital) then o(x) is contained in the unit circle
stcc.

(ii) If x is self-adjoint then o(x) C R.
(ii) x is positive if and only if o(x) C [0, 00).
We next turn to certain bounded linear functionals which respect positivity.
Definition 1.11. Let A be a C*-algebra.
(i) A state of A is a bounded linear functional f: A — C of unit norm such that
x>0= f(x)>0
for all z € A.
(ii) A state f: A — C is called faithful if f(z) = 0 implies x = 0 for all positive = € A.
(iii) A trace on A is a state t: A — C such that
t(xy) = t(yx) Vz,y € A.
There is a notion of ideals for C*-algebras, which coincides with the one usually used
for Banach algebras:

Definition 1.12. An ideal of a C*-algebra A is a closed linear subspace I C A such
that for all z € A and y € I we have zy,yx € I.

In particular, the kernel of any morphism of C*-algebras is an ideal. Note that closure
under the *-involution is not part of the definition, but follows from it (cf. [8, p.12]).
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1.2 Non-commutative spaces

As laid out in subsection 1.1.2, (reasonably well-behaved) topological spaces are fully
described by commutative C*-algebras. On the algebraic side of this duality, there is
a clear option for generalisation, namely to drop the assumption of commutativity. At
least heuristically, an arbitrary, not necessarily commutative C*-algebra should then
describe a generalised kind of space. A non-commutative space is then simply the formal
dual of a C*-algebra.® This point of view is described in more detail in [9].

Of course, only commutative C*-algebras can possibly consist of continuous functions
into C as in Theorem 1.8, so defining non-commutative spaces like this initially does
not seem to add anything of substance. In other words, starting out from an arbitrary
non-commutative C*-algebra, the corresponding non-commutative space may well exist
only formally. However, there are at least two reasons why this concept is useful:

1. In several situations one is led to interesting objects which ought to admit a topo-
logical or geometric description, but are nevertheless hard to capture classically.
In [6, ch. II], Connes lists several such examples where one can instead describe
the object in question by a (non-commutative) C*-algebra. A particular example
is the space of leaves of a foliated manifold, which is described by a C*-algebra
associated to its holonomy groupoid. In this context, one can interpret the leaf
space as a non-commutative space corresponding to the C*-algebra used in its
description.

2. As C*-algebras are of independent interest, the duality to spaces can also serve as
a heuristic for extending topological invariants to arbitrary C*-algebras. An im-
mediate example is K-theory (cf.e.g. [1, ch.3]), which can be applied to arbitrary
C*-algebras despite being motivated by vector bundles, i.e. by classical geometric
structures. The corresponding notion of non-commutative vector bundles is dis-
cussed in section 1.4. In the context of this thesis, the most important example is
cyclic cohomology (see section 1.3) which can be viewed as a generalisation of de
Rham homology.5

Non-commutative tori (to be introduced in chapter 2) in fact relate to both of the
above remarks. On the one hand, we will describe and use them as C*-algebras, and use
cyclic cohomology to draw conclusions about their structure. On the other hand, they
are related to the leaf spaces of certain foliations of the (usual) torus.

1.3 Cyclic cohomology

In this section we closely follow the treatment in [6].

5The language suggests that it should be the dual of a non-commutative C*-algebra. Instead, one often
takes ‘non-commutative’ to mean ‘not necessarily commutative’ in this context.

5Strictly speaking, de Rham homology and cohomology are structures on C*° (X) (assuming X to be
a smooth manifold) rather than on C'(X). Indeed, here one works with algebras of similar structure
as C*°(X), which may be thought of as subalgebras of “smooth functions” on a non-commutative
space.
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In subsection 1.1.2; we sketched the C*-algebraic description of a (locally compact
Hausdorff) topological space X via its continuous functions. Let us now assume that X
is a compact orientable smooth manifold. It is then natural to use the algebra C*°(X)
of smooth functions X — C, and one can describe various data associated to X through
the lens of C*°(X).

In particular, C*°(X) appears as the degree zero component of the graded algebra
0*(X) of differential forms. Equipping Q*(X) with the exterior derivative d, the identity
dod = 0 leads to the well-known de Rham cohomology. There is also a dual theory
of de Rham homology, which employs linear functionals on Q*(X) (called currents) in
place of differential forms [15]. Cyclic cohomology generalises de Rham homology” by
allowing other algebras in place of C*°(X). [5, ch.II]

For the remainder of this section, A will denote an associative unital® but not necessar-
ily commutative algebra over C. Although the constructions of the first two subsections
are purely algebraic, we will eventually need topological structure on A as well. More
precisely, we assume A to be a locally convex algebra (motivated by the fact that this is
true for C*°(X)).

Introducing continuity into the algebraic framework is mostly straightforward, and
amounts to requiring continuity for the necessary algebraic operations (such as the mul-
tiplication in A whose continuity is part of the definition of a locally convex algebra).
Aside from that, we note that all tensor products of locally convex spaces should be
understood as projective tensor products.

In the guiding example of C*°(X), where X is an n-dimensional compact orientable
manifold, integration provides a linear map

/: 0"(X)—C, wn—>/Xw. (1.2)

To connect this to the algebra C*°(X), we can use the wedge product to extract an
(n + 1)-linear map

C>®(X)" =, (fo,...,fn)r—>/Xf0df1/\--«/\dfn. (1.3)

As it turns out, the map (1.3) fits into the framework of Hochschild cohomology.
This connection is made more precise in subsection 1.3.2, after recalling the necessary
Hochschild cohomology in 1.3.1.

1.3.1 Hochschild cohomology

Definition 1.13. The (continuous) Hochschild complex associated to the algebra A is
the cochain complex (C*(A),b) of C-vector spaces where C"(A), for n € N, denotes

"When switching between the point of view of the space X and that of the algebra C*°(X), covariance
and contravariance are interchanged, thus de Rham homology is related to cyclic cohomology.

8We restrict ourselves to unital algebras here because the algebras describing non-commutative tori
studied in this thesis are unital. However, cyclic cohomology can also be defined for nonunital
algebras. Unitality is mainly used in section 1.3.3.



1 Preliminaries

the space of (continuous) C-multilinear maps A"*! — C, and b sends ¢ € C"(A) to
b(c) € C"TL(A) given by

b(c)(ag,...,ant1) ==

Z(—l)jc(am @G0, ) + (1) e(aniaa0, ar, - anga).
i=0

A straightforward calculation shows that b o b = 0. The resulting cohomology is called
Hochschild cohomology® and denoted HH®(A). As usual in cohomology theories, we call
elements of C*(A) cochains, and elements of kerb cocycles. We also use the notation
Z™(A) =kerbn C™(A) for the space of degree n cocycles.

Observe that, in the continuous setting, continuity of the multiplication in A ensures
continuity of b(c), and thus well-definedness of b. Similar observations will apply in what
follows.

There is a more conceptual interpretation of Hochschild cohomology which we will
later need. For this, one views A itself as an A-bimodule, or equivalently as a module
over the enveloping algebra A€ .= A®c A°P, where A°P denotes the opposite algebra. As
an A°-module, A has the so-called standard (free) resolution

> ATRQARA— A QA — A5 A,

with the A®module A¢ ® A®™ in degree n, n € N. Here ¢ is simply multiplication
A® A% — A. Identifying A¢ ® A®™ with A®("12) the arrow at degree n > 1 is given by

n
a) Q- apt1 — Z(—l)jao Q- Rajaj+1 Q- Qany1 € A®(HD),
7=0

To connect this to Hochschild cohomology, first observe that there are isomorphisms
C™(A) = Homg (A% C) = Home (A%, A*) = Homye (A° @ A®", A%).

Explicitly, the isomorphisms above identify ¢ € C"(A) with the A®linear map f: A° ®
A®" 5 A* given by

f(l®l)®a @ - ®ay)(ag) = clap,a1,...an) VYag,...,a, € A. (1.4)

Applying the functor Hom ge(-, A*) also to the morphisms of the standard resolu-
tion, one arrives at the coboundary maps b of Hochschild cohomology. In other words,
HH*(A) = Ext%. (A4, A*).1% In particular, the Hochschild cohomology of A can be com-
puted using any projective resolution.

9More precisely, this would be called the Hochschild cohomology with values in A*, the dual of A, but
we will not need other forms of Hochschild cohomology.
YHere the A*-module structure on A* is ((a ® b) - f)(c) = f(bca) for a,b,c € A and f € A*.
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1.3.2 Traces and cyclicity

Let us now generalise the map [: Q"(X) — C from (1.2). To this end, we first introduce
some terminology:

Definition 1.14.

(i) A (locally convex) differential graded algebra (over C), or dg algebra for brevity, is
a tuple (€, d) consisting of a (locally convex) graded C-algebra Q = @, . 2", and
a (continuous) graded derivation d: Q — Q satisfying d o d = 0. To be a graded
derivation means that d should be linear and fulfil

VEk, 0 e N,Vwy € QF wy € Q1 d(wiws) = d(wy)wa + (—=1)*wid(ws).

Given dg algebras (21, d1), (22, d2) over C, a (continuous) linear map f: Q; — Qo
is called a morphism of differential graded algebras if it fulfils fody = ds o f.

We will usually refer to a dg algebra (€, d) simply as €2, and denote the graded
derivations of all dg algebras by d whenever there is no risk of confusion.

(ii) Let Q = (2,d) be a dg algebra and n € N. A closed graded trace of dimension n
on  is a (continuous) linear map [: 2™ — C such that

/m:o Vw e Qv

and
/w1w2 = (—1)"’“”“’2| /wzwl YV € O wy € OV with i 4+ j = n.

We will refer to the former property as closedness and to the latter as graded
traciality.

(iif) A cycle over A of dimension n is a triple (Q, [, p) consisting of a unital dg algebra
Q with a closed graded trace [ of dimension n, together with a (continuous)
homomorphism p: A — Q° of algebras.

The motivating example for these definitions is of course the differential graded algebra
0*(X) of differential forms (with the wedge product), with the integral as a closed graded
trace, and p being just the inclusion map. Here closedness comes from Stokes’ theorem,
whereas graded traciality is already a consequence of graded commutativity of the wedge
product.

As in (1.3), we can use a cycle over A to define a multilinear map, or in other words
a Hochschild cochain:

Definition 1.15. The character associated to a cycle (€2, [, p) over A of dimension n is
the functional y € C™(A) given by

x(ag, ..., an) = /p(ao)dp(al) --dp(an) Vag,...,a, € A.
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The connection to Hochschild cohomology is not just superficial:

Proposition 1.16. Let (2, [, p) be a cycle over A of dimension n. Then its character
X 1s an n-cocycle, i.e. b(x) = 0.

Proof. Let ag,...,an+1 € A. Then the first n summands of b(x)(ag, - .., an+1) are of the
form

(—1) / plao)dp(ar) -+ dplasazs1) -+ dp(ans1)
— (~1) / plao)dplar) -+ dp(az)p(ajer) - dp(anss)

(-1 [ plan)dp(ar) - pla)dazis -+ dplansn).
Due to the signs, almost all of these terms cancel and we are left with

b(X)(a07 ceey an+1)
= /p(ao)dp(al) ~dp(any) + (—1)”+1 /dp(ao) < dp(an)p(ans1)

e / dp(ans1)plao)dp(ar) - dp(an)

+(—1ymH / plans1)dplag) - dp(an).

By graded traciality of [, the first summand cancels with the third, and the second with
the fourth, so we obtain b(x) = 0 as claimed. O

Moreover, characters of cycles have one further distinguishing property, called cyclic-
1ty:
Definition 1.17. An n-cochain ¢ € C™(A) is called cyclic if it fulfils
c(an,ag,...,an—1) = (=1)"c(ag,...,a,) Vag,...,a, € A,
i.e. if it is skew-symmetric under cyclic permutations.
Proposition 1.18. x as in Proposition 1.16 s cyclic.

Proof. Let a,...,a, € A. Using closedness and graded traciality of [, we compute
0= [ d(planplan)dp(a) - dplan-1))
— [ dptan)otan)dplar) - dplan-r) + [ plan)dp(an) - dplan)

= (=" [ plao)dp(ar) - - - dp(an—1)dp(an) + /p(an)dp(ao) ++-dp(an—1)
= (—1)”_lx(a0, cesan) + x(an,ag, ...y ap-1),

which shows that x is cyclic. O

10
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Motivated by Proposition 1.18, we should aim to describe the space of all cyclic
cochains. It turns out that this is a subcomplex of the Hochschild complex.

Proposition 1.19. Let n € N and ¢ € C"(A) be a cyclic cochain. Then b(c) € C"T1(A)
is also cyclic. Hence the cyclic cochains form a subcomplex of the Hochschild complex

(C*(A),b).

Proof. Let ag,...,an+1 € A. Then

b(c)(ant1,a0,---,an)
- C(anJrlaOv cee 7an) + Z(_l)j+lc(an+1a aQ; -« -5 Q55415 - - - 7an)
+ (—1)"+1c(anan+1, ag, .-, ap—1)-

Now recognise the first summand of the right hand side as (—1)"*! times the last sum-

mand of b(c)(ao, - ..,an+1), and apply cyclicity of ¢ in all other summands to get
( )(an+17 ag, - - - 7an)
n—
Z 1)/ e(ag, ..., ajaj41,- . ., ans)
=0

+ (=12 e(ag, . .., an1, anang1) + c(anirag, - - -, an)

( )n+1b(c)(aﬂa ceey an+1)a
so b(c) is cyclic. Since cyclicity is clearly also preserved when taking linear combinations,
the cyclic cochains form a subcomplex. O

Definition 1.20. For n € N, we denote the space of (continuous) cyclic n-cochains by
C%}(A), and the space of (continuous) cyclic n-cocycles by Z}(A). The cohomology of the
subcomplex (C3(A),b) is called cyclic cohomology, and we denote its n-th cohomology
group by HC"(A).

Ezample 1.21. For the C-algebra C, we have C™(C) = Hom(C®"+1) C) = C, for every
n € N. An explicit generator of C™(C) is given by the multiplication map
on: C"H 5 C, (agy...,an) — ag---an,

which is cyclic if and only if n is even. Thus

C n even,

e = {O n odd

which immediately yields
C n even

HC™(C) = {0 e (1.5)

11



1 Preliminaries

Although we will not need much of the framework of category theory, it is useful to
observe that these cohomology theories are functorial:

Proposition 1.22. Both Hochschild and cyclic cohomology are functorial. More pre-
cisely, for all n € N the functor HH™ sends a (continuous) homomorphism f: A — B
between (locally convex) algebras A, B to the group homomorphism

f*: HH*(B) — HH®*(A), HH™(B) 3 ¢+ co fXm+l),
and f* commutes with the inclusions HC™ — HH"™. In other words, the inclusion
HC™ — HH" is a natural transformation.

Proof. Let A, B,C be (locally convex) algebras, f: A — B, g: B — C (continuous)
homomorphisms. Given ¢ € C"(B), we have

¥ (b(€)) = ble) o fXUHD = b(eo fXUHHD) = b(f*c)
by definition of b, so f* really defines a homomorphism HH"™(B) — HH"(A).

Of course,

(9o f)*(e) =co(gog) ™ =cog Vo Xl = (0 g*)(c),

and (idg)*(¢) = co (idp)*™*t1) = ¢, proving functoriality.
Lastly, if ¢ is in fact cyclic, then for by, ..., b, € B we compute
(f*c)(brh bOv s 7bn71) = C(f(bn)7 f(b0)7 cee 7f(bnfl))
= (_1)nc(f(b0)a ) f(bn))
= (=1D"(f"e)(bo,...,by),
so f*c is cyclic as well. O
So far we have seen that every cycle over A defines a cyclic cocycle, namely its char-

acter. This map
{cycles (, [, p)} — {cyclic cocycles}

is in fact surjective, i.e. every cyclic cocycle over A is the character of some cycle. The
proof of this statement uses the universal dg algebra QA over A, which we now introduce.

Definition 1.23. Let A be a (locally convex) C-algebra. The universal differential
graded algebra over A is the (locally convex) dg algebra (QA, d), defined as follows:

1. As vector spaces, we set Q04 := A, and
O"A=AT @ A®", n>1,

where A" denotes the algebra A & C of A, with the same product and inclusion
A — AT as in Definition 1.5. This unitisation is formed even if A itself is already
unital.!! We identify the ideal A ¢ 0 C AT with A.

"Rather than as unitisation, one can interpret the added copy of C as “providing space” for the deriva-
tion d, defined below. Since A is itself unital (which is not needed in the context of 2A), an analogous
construction is possible using A and A/Ce in place of AT and A, respectively (cf.[1][3]). We use the
one presented here because it avoids complications in Proposition 1.25 below.

12



1.3 Cyclic cohomology

2. We denote an element a @ a1 ® --- ® a, € Q"A as aday ...da,, where « € AT

forn >1and a € A C A" for n = 0. So far this is just notation. Now writing
a = (ap, z), we define the map d: QA — QA by

d((ao, z)da; . .. dan) = edagday . .. da, € QT A,
where e = (0,1) € AT denotes the unit.

3. Finally, for m,n € N, we define the product of ada; .. .da,, € Q™A and Bdb, ... db,
€ Q" A, with 8 = (bg, i), as

(aday .. .day,)(Bdb; .. .db,) =
aday . . .dap—1d(ay,B)db; .. .db,
m—1
+ > (=)™ Vaday ... daj_1d(ajaj.1) . damdby .. . dby
j=1

+ (—-1)"afBday .. .db,. (1.6)

Here the terms d(a,3), d(aja;+1) should be understood in terms of the notation
of item 2 rather than an application of d so that the definition is not circular.'?

Remark 1.24.

(i) With the full definition of QA in place, we can reinterpret the suggestive notation
aday . . .day,. Firstly, we have a; € A C AT with d(a1) = eday, so

ad(a1) = a - (eday) = aday.
Continuing from this, we get
(ad(ay))d(az) = (aday)(edaz) = adaydas,

where we used that e = (0,1) (so almost all terms in the product formula vanish),
and repeating this step eventually yields

a-d(ay)---d(ay) = aday ... day.

This reconciles the two interpretations of the term adays ... da,, and explains the
notation.

(ii) The somewhat complicated formula (1.6) defining the product can be seen as a
consequence of (or necessary condition for) associativity and the graded derivation
property. That is, if we want d to be a graded derivation, we must have

damf = d(amB) — amdp.

2Note that amfB = (ambo + pam,0) € A C AT so we can interpret a,,( as an element of A.

13
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Assuming this identity and part (i) of this remark, we can move the factor
past each of the da;, which leads to the formula. As a consequence, the graded
derivation property of d is built into the product. It is also clear that dod = 0, so
only associativity of the product has to be checked (by a simple computation) to
conclude that QA really is a dg algebra.

(iii)) QA is universal in the following sense: given any dg algebra ) with an alge-
bra homomorphism ¢: A — 00, there exists a unique morphism of dg algebras
é: QA — Q such that ¢ o1 = ¢, where t: A — QA is the inclusion as QYA.'3 [1]

The universal dg algebra provides a way of assigning a closed graded trace to any
cyclic cocycle:

Proposition 1.25. Forn € N, let ¢ € ZY(A) be a cyclic cocycle. Then there exists a
unique closed graded trace ¢ of dimension n on QLA whose character is c.

Proof. Requiring that ¢ be the character of ¢ translates to
¢(apday . . .day) = c(ag, .. .,an), ag,...,an € A,

which uniquely defines ¢ on the subspace A®("t1) of Q" A = AT @ A®™. Its complement
C ® A®™ consists of elements of the form

zday ...da, = d(zaiday . ..day), z€C, ay,...,a, €A, (1.7)
which must be sent to zero if ¢ is to be closed. Hence ¢ is uniquely determined as
¢((ap, z)day ...day) = c(ag,...,a,), z€C,ap,...,an € A. (1.8)

Now (1.8) clearly defines a linear functional on Q™A, which is closed because all
elements of d(2"~!A) are of the form described in (1.7). Graded traciality is shown by
a similar computation as in Proposition 1.18. O

Ezxample 1.26. The universal dg algebra QC over the C-algebra C has Q°C = C and
Q"C=CT®C®" = (CeC)®C® for n > 1. If n > 2 is even, the generator o, of CY
found in Example 1.21 is the character of the closed graded trace

0n: U"C = C, (wp,2) @wWi Q@+ @ Wy — WoW1 -« Wy, 2Z,W0, ..., Wy €C.
It will be useful to extend the correspondence established above to general cochains:
Definition 1.27. Let n € N.
(i) For ¢ € C"(A), define ¢: Q" A — C by

¢((ag, z)day ...day) = clag,...,an) z€C, agp,...,an € A.

13This universal property of QA explains why it is suitable for the construction in Proposition 1.25.

14
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(ii) Given a dg algebra , an algebra homomorphism p: A — Q% and a linear func-
tional f: Q" — C, define the character of f as the Hochschild cochain

(a07' . '7an) = f(p(a’())dp(al) o dp(an))7 S (Ca ag,...,0an € A.

This extends Proposition 1.25 in the sense that any Hochschild cochain c is represented
as the character of ¢ (which however will generally not be a closed graded trace).

1.3.3 Relating Hochschild and cyclic cohomology
In this subsection we discuss an exact sequence

> HC™(A) L= HH™(A) B~ HOm 1 (A) 5> HOP 1 (A) > . ..
relating Hochschild and cyclic cohomology. Since Hochschild cohomology tends to be
more accessible than cyclic cohomology (e. g. via an explicit projective resolution of A),
this is a valuable tool for computing cyclic cohomology. We start by describing the
operators I, B, S.

The simplest of the three is I, which is induced by the subcomplex inclusion C$(A) —
C*(A) (as established in Proposition 1.19). That is, I is the degree zero linear map
HH*(A) - HC*®(A) which sends [c] € HC"(A) to [¢] € HH"(A).

We now turn to the operator B. For a Hochschild n-cochain ¢ € C™(A), we define
Ac) € C™(A) as

A)(agy ..., an) = (=1)"c(a1,...,an,a0), ag,...,an, € A

(and A(c) = c if n = 0), thus obtaining a graded module morphism A: C*(A) — C*(A).
Clearly, C}(A) = ker(id —X) N C™(A). Moreover, we observe that X" *t|cn 4y = iden(a).
Using A, we may express the cyclic antisymmetrisation of ¢ € C™(A) as

Pa(c) =) N(c) € C}(A).
j=0
Indeed, we have

(id =\ Py(c) = (id =A™ )(c) = 0,

which verifies that Py(c) € CY(A). On CY(A), Py acts as (n + 1)id, so it is a multiple
of a projection.

The last piece needed for forming B is the insertion operator u: C™(A) — C™"1(A)
defined by

u(c)(ao, ..., an) = c(1,a0,...,a,), c€C"(A), ag,...,a, € A

if n > 1 and as zero on C°(A). It is here that we need the assumption that A be unital.
We now define B on the level of cochains as

B: C"(A) = CY"Y(A), B:=Pyouo (id-\). (1.9)

15
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Proposition 1.28. The degree -1 operator B: C*(A) — C3(A) defined above fulfils
Bob = —bo B. In particular, it descends to a well-defined operator B: HH®*(A) —
HC*(A).

Proof. Let n € N, c € C"(A), and ay, . ..,an4+1 € A.
It will be useful to express the Hochschild coboundary operator b in terms of A. To
this end, we define B(c) € C""(A) as

B(c)(ag, ..., ant1) = clagay,az,...,an+1),
and extend [ analogously to arbitrary Hochschild cochains. Then we can write b(c) as

n+1

b(c) =>_ MBI (0), (1.10)

J=0

which again generalises to arbitrary cochains. Moreover, observe that v o 5 = id.
If n =0, then u(c) = 0 and hence bB(c) = 0. In this case, we have to show that also
Bb(c) = 0, and this follows from

ub(c)(ap) = c¢(lag) — c(apl) = 0.

For the remainder we assume n > 1, and prove the claim in steps.
Firstly, (1.10) readily leads to the formula

Ab(e) = bA(e) + B(id —\)(e), (1.11)

and thus to
(id =A\)b(c) = b(id —A)(¢) — B(id =) (¢). (1.12)

Secondly, let ¢ € C™(A). Then
bu(d)(ag, ..., an) = ' (1,a0a1,az,...,a,) — ' (1,apay,az,...,a,) + -+
o+ (=) (1, a0, .. an—1an) + (1) (1, anag, . . ., an_1),
whereas
ub()(ao, - .., an) = c(ag,a1,...,a,) — ' (1,a0,a2as,...,a,) + - -
(=D (1, a0, an_1an) + (1) (ap, ag, . .. an_1),
and we can express this as
ub(c) = —bu(c) + (id =A"1 + A7 Bu)(¢). (1.13)
Finally, given ¢/ € C"1(A), (1.11) inductively leads to

j—1
Nb(d") =N (") + Y ARV FH("), jEN,
k=0

16
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and thus to

C//) — Z )\jb(c”)
7=0

n Jj—1
_ <bv<c"> MBIV () )
§=0

k=0
n j—1
=bPA(d") +0(") + DD MR- NN (),
j=0 k=0

where the last equality stems from the fact that Py has one less summand on C"~1(A)
than on C"™(A), and the redundant summand is precisely bA"(¢”) = b(¢”). Now the
rightmost term can be expanded as

j—1 n j—l1

Z )\kB(ld )\ ] k— 1 l/ ZZ )\kﬁ)\j—k—l_)\kﬁ)\j—k)(c/l)
j=0

0 7=0k

il

n—1 n
_ Z ()\kﬁ)\j*k*l - >\k5>\j7k)(c”)
k=0 j=k+1

3
—

()\kﬁ . )\kIBAnfk:)(c//)

k=0
:( )\kﬁ_z)\kﬁ)\_k)(cﬂ)
k=0 k=0
= P\B(c") = b(c"),
and we obtain
Pyb(c") = bPy(c") + P\B("). (1.14)

Now by (1.12), we have

Bb(c) = Pyub(id —\)(¢) — Pyxuf(id —=\)(c) = Pyub(id —\)(c¢),
=0

where we have used that w8 = id and P\(id—X) = 0. Applying (1.13) with ¢ =
(id =) (c), we get

Pyub(id =) (c) = —Pybu(id =) (c) + Pr(id =271 + X7 gu) ()
= —Pybu(id =) (c) + PySu(c),

where the second equality comes from Py(id —A™1) = 0 and P\A~! = Py. Lastly, (1.14)
with ¢/ = u(id —=\)(c) yields

—Pybu(id —=A)(c) = —bB(c) — P\Bu(c),

17
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and altogether we have
Bb(c) = —bB(c) + P\Bu(d) — P\Bu(d) = —bB(c)
as claimed. O

The third operator in the sequence is S, which is defined using an operation called
the cup product. Given an m-cochain ¢; € C™(A), and another (locally convex) algebra
B with an n-cochain ¢y € C™(B), we may represent them by the functionals ¢; on QA
and ¢ on Q"B, as defined in Definition 1.27. As with any pair of dg algebras, we can
take the graded tensor product

k
NA OB =P PH VA0 7B,
keN j=0

which becomes a differential graded algebra via the multiplication
(a® B)(o’ ®8) = (-1)1"(aa’) @ (88") (1.15)

and derivation
d(a® f) = (da) ® B+ (-1)*a® (dB),

where o,/ € QA, 3,8 € QB are homogeneous elements and | - | denotes the degree.
Now the tensor product ¢; ® ¢3 (followed by multiplication C ® C — C) can be extended
by zero to the whole degree m+n component of QA®QB. Its character is, by definition,
the cup product ci#cs € C™ (A ® B). We collect some facts about this operation:

Proposition 1.29.
(i) The cup product is C-bilinear and continuous.
(i) The cup product of two cyclic cocycles is again a cyclic cocycle.

(iii) The cup product defines a homomorphism

HCm(A) ® HC”(B) — H0m+n(A ® B), [Cl] ® [CQ] — [61#62].

Proof. Bilinearity readily follows from bilinearity of the tensor product operation, and
since all steps involved in its construction are continuous, so is the cup product. To
show (ii), one verifies that the tensor product of two closed graded traces is again a
closed graded trace, and then applies Propositions 1.16 and 1.18. For (iii), see Theorem
I11.1.12 in [6]. O

Now by Example 1.21, we have HC?(C) = C with generator o := g5 € C3(C). Using
the cup product, we obtain a map

S:CUA) = C"2(A®C), c— oftc
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We can interpret o#c as an element of C"*2(A) using the isomorphism

LASCoA a—l®a,

and define

S: C*(A) = C32(4), S:= 1:Pyoi o8

Note that the projection %%PA becomes redundant when we restrict S to cyclic co-
cycles; this is part of Proposition 1.29(iii). Moreover, it implies that S descends to an
operator S: HC™(A) — HC"2(A). 14

Via some computations in the dg algebra Q2C one obtains the following explicit formula
of S(c) for c € Z{(A) in terms of ¢ (cf. the proof of Corollary II1.1.13 in [6]):

n+1
S(C)(CLQ, . ,an+2) = &(aodal . daj_lajaj+1daj+2 e dan+2) (1.16)
1

+

<.
Il

for all ag,...,ant2 € A.
With the definitions of I, B,.S in place, we come to the exact sequence connecting
them.

Theorem 1.30. The operators I, B, S (on the level of cohomology) form an exact tri-
angle

HC®

(4) 5 HC*(A) (1.17)
Sl T
HH*(A)
In other words, there is an exact sequence starting with
0—> HC%A)—~ HHY(A) —>0—>= HC'(A) 1~ ...
and of the general form

- —> HC"(A) —L> HH"(A) —B> HCO™1(A) —Z= HC" L (4) L~ . ..

forn > 1.

Proof. We outline the steps of the proof given in [6]. In this proof, all references to [6]
refer to section 1 of its third chapter, where the present theorem is listed as Theorem 26.
We sometimes use upper indices for the maps b, B to keep track of cochain dimension.

Firstly, it is clear from the definition of B that B ol = 0 already on the cochain level,
so im I C ker B; the converse inclusion will be shown later.

4 0Often S is defined only on cyclic cocycles. However, it is occasionally useful to extend the definition to
arbitrary Hochschild cochains as we have done it here, at the cost of having to include the projection

1
ars
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It is also relatively straightforward to show that 1oS = 0 in cohomology. This amounts
to proving that the image under S of a cyclic cocycle is a Hochschild coboundary, as
shown in [6], Proposition 15. The proof relies on formula (1.16) for S, obtained from
the definition of the cup product and some calculations in the dg algebra QC.

To go further requires some intermediate results. Let n € N, then:

1. B is surjective on the cochain level, i.e. B(C"(A)) = C’;f_l. This is verified in [6],
Corollary 20 by explicitly constructing an element in the preimage of each cyclic
cochain.

2. If ¢ € C™(A) fulfils b(c) € CYH(A), then B(c) € Zy '(A) and SB(c) = n(n +
1)b(c) in HC™1(A); this is Lemma 23 of [6]. The first assertion follows from the
identity B ob = —bo B of Proposition 1.28 (in this document). The proof of the
second assertion relies on the fact, introduced above, that S maps cyclic cocycles
to Hochschild coboundaries, as well as a substantial amount of computation.

3. The definition of B readily implies that B o B = 0 (on the cochain level), so
im B" C ker B"~!. Moreover, the identity bo B = —B o b implies that

b 1(im B") C im B"™ Nkerd™, " !(ker B"!) C ker B" N ker b".
It follows that there is a map (acting trivially on representatives)
(im B"™ N ker b")/b" " (im B") — (ker B" Nker b")/b" ! (ker B"™1),  (1.18)

and it is shown in [6], Lemma 25 that this is in fact an isomorphism. The proof
uses ideas from the proof of the previous item.

Combining items 1 and 3, we obtain ker B C im I as follows: suppose ¢ € Z"(A) with
B(c) € b(Zf\l_Q(A)). By surjectivity of B on the cochain level, there exists ¢ € C"~1(A)
such that B(¢) = bB(c') = —Bb(c’). Then c+b(c’) is contained in ker B™Nker ™. Now by
surjectivity of the map in (1.18), there exists ¢’ € im B""!Nker b" such that c+b(c’)—¢” €
im 6", that is ¢ = ¢” in cohomology. But by item 1 we have im B"™ Nkerb" = Z(A),
so ¢’ is cyclic and thus ¢ € im I. We conclude that im I = ker B.

Next, let ¢ € B(Z"(A)) = Zy Y(A), say ¢ = B(c) for ¢ € C"(A). We would like
to use item 2 above, for which b(¢’) would have to be cyclic. In general we only have
b(c) € kerb™ N ker B™ (since Bb(c') = —bB(c) = —b(c) = 0), but by item 3 there
exists ¢’ € Zy (A) = im B"*? such that b(c') — ¢’ € b"(ker B"), say b(c') = ¢ + b(f),
f € ker B™. Then B(c' — f) = B(c') = ¢, and since b(c' — f) is cyclic we may apply item
2. This yields

S(c)=SB(d = f) =n(n+1)b(d — f) =n(n+1)". (1.19)
We thus have S(c) = 0 in HC""!(A) if and only if ¢’ is contained in b(Z}(A)) =

b"(im B"*1). Since the map from item 2 is injective, this is equivalent to b(c') €
b"(ker B"), i.e. to there being h € ker B" such that ¢ — h € Z™(A). But due to
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B(d — h) = B(d) = ¢, this is in turn equivalent to ¢ € B(Z™(A)), so we have shown
that ker S = im B.

Lastly, let ¢ € Zy"'(A) such that I(c) vanishes in cohomology. This amounts to the
existence of ¢ € Z"(A) such that ¢ = b(/). But then we may apply item 2 to ¢ and
find that

SB(c) =n(n+1)b() =n(n+ 1)e.

If n > 1, we may rewrite this as ¢ = ﬁS(B(c’))7 and conclude im S = ker/. In

the remaining case of n = 0, S is the zero map and exactness follows from the fact that
I: HCY(A) — HH(A) is an isomorphism (since cyclicity is vacuous in degree zero). [

Remark 1.31.

(i) The identity (1.19) in the above proof can be expressed as
S =n(n+1)bB~1: HC"1(A) - HC" " (A). (1.20)

Indeed, we started with ¢ € Z3'(A) and obtained ¢, f such that B(c'— f) = ¢, and
S(c) =n(n+1)b(¢ — f). Now,even though ¢ may have several preimages under B,
replacing ¢’ by ¢ + g with g € ker B, b(¢’ 4+ g) lands in the same equivalence class
as b(c’) modulo b"(ker(B"™). In other words, the class of b(¢) modulo b"(ker(B"))
depends only on ¢, and hence so does the class of ¢ modulo b"(im B"*!). But
im B"t! = C}(A), so ¢ is unique up to cyclic cohomology.

(ii) The operator S is called the periodicity operator. To explain the name, suppose
there exists N € N such that HH"(A) = 0 for all n > N. Then, according

to Theorem 1.30, S restricts to isomorphisms HC"1(A) = HC™1(A) for all
n > N. In other words, cyclic cohomology becomes eventually periodic.

With this periodicity in mind, one makes the following definition:
Definition 1.32. The periodic cyclic cohomology of A is
HP(A) := HC®(A) ® HC°M(A),

where the even cyclic cohomology HC®’(A) and the odd cyclic cohomology HC%(A)
are defined as the direct limits of

HCO(A)—S>HCQ(A)—S>~--—S>H02”(A)—S>---
and
HCl(A)4S>HC3(A)4S>...4S>H02n+1(14)45>... 7
respectively.

In other words, periodic cyclic cohomology is obtained from HC*®(A) by identifying
S(c) with ¢ for every c € HC*(A).
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1.3.4 A spectral sequence for periodic cyclic cohomology

Theorem 1.30 states that the operators S, I, B (on the cohomology level) form an exact
couple. In particular, they give rise to a spectral sequence via a standard procedure
which we summarise here for convenience, based on the presentation in [11].

Definition 1.33.
(i) An ezact couple (D, E,i,j,k) consists of two modules'® D, E together with mor-

phisms¢: D — D, j: D — E, k: E — D such that imi = ker j, imj = ker k and
im k = kerz; i. e. the following triangle is exact:

D : D

oA

E

(ii) Let (D, E,1,j,k) be an exact couple. The derived couple (D', E',i',j', k') consists
of

D= i(D),

E' :=kerd/imd, where d := jok,

i =ilypy: D' = D,

4’ D' — E' induced by j via j'(i(x)) = j(z) + dE for x € D,
e k': E' — D' induced by k via k(e + dE) = k(e) for e € E.

Definition & Proposition 1.34. Let (D1, F1,1i1,j1,k1) be an exact couple. Then
the derived couple (D}, EY, 4, j1,k}) is again exact. For r € N we recursively define
(Dy, Er, iy, jr, ky) as the derived couple of (D,_1, Er_1,4r—1,jr—1,kr—1) for r > 2, and
set d, == j, o k.. We call the sequence (E,, d,),cn the spectral sequence associated to the
exact couple (D1, E1,i1, 71, k1).

Proof. For the (straightforward) proof of exactness of the derived couple see Proposition
2.7 in [11]. O

Remark 1.35.

1. In light of the preceding definition one can interpret an exact couple as a module
E with boundary operator d (i.e. d o d = 0), together with auxiliary data used to
form the derived couple.

2. (E,,d;), is a spectral sequence in the sense that E,1; = H(E,,d,) for all r. We
do not yet (need to) assume E to be bigraded.

Sover some fixed ground ring (A in our case)

22



1.3 Cyclic cohomology

Usually, a spectral sequence is expected to come with a bigrading. To implement this,
assume that the modules D; and E; in the above proposition are bigraded (by Z & Z)
and that

e i has bidegree (1,—1),

e j has bidegree (0,0),

e k has bidegree (0,1).

Then, for each r, both D, and E, inherit bigradings from E,_1, D, _1, and one inductively
shows that d, has bidegree (1 —r,7) (see e.g. [11], but note the swapped indices).!

We may now apply this to the exact couple (HC®*(A), HH®*(A), S, I, B) equipped with
the bigradings'”

(HC(A))P = HCP™U(A), (HH(A))"" == HH"(A) Vp,q€Z.

Then S, I, B indeed fulfil the bidegree requirements and we obtain a cohomological spec-
tral sequence, starting with (HH®(A),I o B). However, it is not immediately clear if,
and to which module, the spectral sequence should converge. Moreover, the bigrading
seems rather artificial. For an explanation it will be helpful to introduce another point
of view. The remainder of this section closely follows [6] (in particular Theorem 29 of
section III.1).

In Proposition 1.28, we saw that the degree -1 operator B: C*(A) — C3(A) € C*(A)
fulfils BoB=0and Bob= —bo B. Thus B and the Hochschild coboundary operator

$Qur conventions here differ from the perhaps more often used convention of bidegree (r,1 — 1) for
cohomological spectral sequences. (This is reflected already in the bidegree assumptions on 1, j, k.)
One reason for this is that the spectral sequence we are interested in can be identified (see below)
with the second filtration spectral sequence of a certain cohomological double complex. For such
spectral sequences, (1 — 7, 7) is the natural bidegree (in the context of usual conventions).

17Strictly speaking, these are not bigradings of HH®*(A) and HC®(A) (if a bigrading is understood as
a direct sum decomposition) but rather of infinite direct sums of them. However, this makes little
difference here and we will still refer to them that way.
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1 Preliminaries

b fit into a double complex as shown below:

Explicitly, the component C7* in the j-th column and k-th row of the complex is
CI=F(A), where 7,k € Z.'® This induces and explains the above bigradings on Hochschild
and cyclic cohomology.

Given a double complex as above, there is again a standard procedure to form two
associated spectral sequences, which under favourable circumstances converge to the
cohomology of the total complex

(Tot C)" = @ Cchk peN
Jt+k=n
with coboundary b+ B (in our context).!? These correspond to two filtrations of (Tot C)®.
Studying these, one finds that the first leads to a spectral sequence collapsing on the

second page. The second, filtration by rows, turns out to be more interesting. Explicitly,
this is the decreasing filtration

(TotC)* D --- F4(Tot C)" D F1(Tot C)" D - -

defined by
F1(Tot C)" = @ ChF = @ C" 2k (A) VYneN.
j+k=n k>q
k>q

In [6], Connes also rescales the differentials of the double complex to take care of the
factor n(n+1) in SB = n(n+1)b.20 Using arguments similar to those in Theorem 1.30,
he then shows:

8Using j—k rather than j+k makes it so that B increases k and thus allows working in the cohomological
framework.

19Note that the double complex we use here is not contained in any quadrant. A similar double complex
with additional restriction j, k > 0 is also worth studying (cf. e. g. section 10.1 of [1]) but has different
properties.

20This is mentioned here only to correctly state the result; we later only use the exact couple setting.
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1.4 Non-commutative vector bundles

Theorem 1.36 ([6], III.1, Theorem 29d)). The spectral sequence (Ey,d,), associated to
the exact couple (HH®*(A), HC*(A), S, I, B) coincides with the spectral sequence associ-
ated to filtration by rows as above, and converges to HP®(A) filtered by cocycle dimen-
sion. Thus,
HC®(A) 2 P ELT and HCM(A) = P EL.
JET JET

1.4 Non-commutative vector bundles

The aim of this section is to implement vector bundles and some surrounding notions in
the non-commutative setting. After discussing the appropriate generalisation of vector
bundles, we describe analogues of the Chern character and connections. The (stan-
dard) material of the first subsection can be found in [9] and [1]; the second and third
subsections follow section II1.3 of [6] and section 4.1 of [9].

1.4.1 Describing vector bundles

In order to generalise vector bundles into our setting, one first needs to describe them
by algebraic data. This is accomplished by the Serre-Swan theorem:

Theorem 1.37 (Serre-Swan [18]). Let X be a compact Hausdorff space. For any vector
bundle E on X, the C(X)-module of continuous sections T'(E) is finitely generated and
projective. Conversely, every finitely generated projective module over C(X) is isomor-
phic to the module of continuous sections of some vector bundle on X.

Remark 1.38.

(i) The theorem holds for both real and complex vector bundles (with C(X,R) and
C(X,C), respectively) though we will only work with the latter.

(ii) There is also a version of the theorem for smooth vector bundles, which states that
smooth vector bundles over a smooth manifold X correspond to finitely generated
projective modules over C*°(X); see chapter 11 of [14].

We recall that finitely generated projective modules over an algebra A can be described
in terms of idempotents:

Definition & Proposition 1.39. Let A be a unital algebra.

(i) For n € N define M,,(A) to be the algebra of n x n square matrices over A, with
unit group denoted GL,(A) C M,(A). Moreover, let M (A) denote the direct
limit of the M, (A) with respect to the inclusions M, (A) < M, +1(4), a — (&9),
and G Lo (A) the analogous direct limit of the GLy(A) with inclusions a — (¢ 9) .

(ii) Associated to any a € M,(A), n € N there is a map of right modules A" —
A™ given by (left) matrix multiplication and also denoted a. If e € M,(A) is
idempotent (i.e. €2 = ¢), then the image ime C A" is a finitely generated projective
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1 Preliminaries

A-module. Conversely, every isomorphism class of finitely generated projective
right A-modules arises from an idempotent in this way.

(iii) We denote the set of idempotents in My (A) by Idem(A). Idempotents ey, e €
Idem(A) are stably equivalent, denoted e; ~ eg, if there exists a € GLy(A) such
that e; = aeja™!'. The modules ime; and im ey are isomorphic if and only if e;

and eo are stably equivalent.

Proof. We prove the claims made in (ii) and (iii). Both use the idempotent et =1 — e
associated to an idempotent e € M,,(A) (where I denotes the identity matrix).

(ii) For an idempotent e € M, (A), one checks that A" = ime +ime™ is a direct sum,
so im e is projective. Moreover, it is clearly generated by the columns of the matrix
e. Conversely, if P is a finitely generated projective A-module, there exist another
A-module Q and a natural number n such that P & Q = A"™. We may identify
P and @ with their images in A™ and define 7: A™ — A™ to be the projection
P®Q — P followed by inclusion into A™. It is represented by a matrix e € M, (A)
which is idempotent and has image (isomorphic to) P by construction.

(iii) If e = aera™!, then a restricts to an isomorphism of the images. Conversely,
suppose im e imey. Choose n € N such that e; and es have representatives
in M,(A) (which we also denote e; and eg, respectively), and an isomorphism

~

¢: ime; — imeg. Considering the endomorphism A" — ime; % im eg — A",
we can realise ¢ as multiplication with a matrix f € M,(A), which then fulfils
eaf = f = fey. Similarly, we obtain a matrix f’ € M, (A) from ¢!, with e;f’ =
/= f'es as well as f'f =e; and ff’ = e5. Now observe that in My, (A) we have

0 I\ fex 0y (0 0) /0 I
I 0/)\0 0/ \0 e/ \I 0
ex fN[0 O\ [ex 0\ [ex f
—f" et )\0 er) N0 0)\—f &)
Finally, we have

et f\(ed —f\_ (1 O\ _(ex —f\(es f
)\ )T 1) T\ ) \p )

L
SO ( 2 f ) € GLy,(A) and altogether e; and ey are stably equivalent.

’ L
_fel

and further

o=

~

Theorem 1.37 and Proposition 1.39 suggest the following:

Idea 1.40. Let A be a unital but not necessarily commutative algebra. By a wector
bundle on A we mean a finitely generated projective right A-module or, equivalently, an
idempotent of My, (A).
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1.4 Non-commutative vector bundles

Both vector bundles and finitely generated projective modules become commutative
monoids when equipped with the direct sum. In the picture of idempotents, this is
realised as follows:

Definition & Proposition 1.41. Let A be a unital algebra.

(i) The operation @: Idem(A) x Idem(A) — Idem(A) defined on representatives as
(e, f)— (§ ?) makes Idem(A) a commutative monoid.

(ii) For ey, eq, f1, fo € Idem(A) with e; ~ ey and fi ~ fo, we also have (e; @ f1) ~
(e2 @ f2). Thus @ descends to the quotient Idem(A)/ ~, which is then also a com-
mutative monoid. We denote the Grothendieck group of Idem(A)/ ~ by Ky(A).

Proof. Part (i) is mostly straightforward up to the technicality of “moving idempotents
past zero blocks”, e.g. (§9) ~ (§9), which can be accomplished as in the proof of
Proposition 1.39(iii). The neutral element is the class of 0 € Mj(A). For part (ii), one

simply combines invertible matrices witnessing the equivalences into a block matrix. [

1.4.2 Action of cyclic cohomology

In this subsection we discuss a pairing between K and even cyclic cohomology. It can
be viewed as an analogy of the Chern character for complex vector bundles [6]. In
this regard, note that cyclic cohomology corresponds to de Rham homology (rather than
cohomology), so it makes sense for it to be in a pairing with K-theory. For the remainder
of this section, A will denote a unital locally convex algebra (as in section 1.3).

We will need a way of constructing cyclic cocycles on matrix algebras My(A) from
cyclic cocycles on A. To this end, note that M;(A) = A ® My(C) for any k € N. On
M, (C), the usual trace of matrices defines a cyclic O-cocycle tr € Z°(M;(C)). Thus
according to Proposition 1.29, for any ¢ € Z}(A), n € N, c# tr is a cyclic n-cocycle on
My (A). In this instance it is not too hard to describe the cup product explicitly and
one finds

(c#tr)(ap @ mo, ..., an @ my) = c(ag, ..., an) tr(mo---my) (1.21)

for all ag,...,an, € A,mq,...,my € Mp(C).2!

Equipped with a way of lifting cocycles to My, (A), we now apply them to idempotents.
Given an even-dimensional cyclic cocycle ¢ € Z/%” (for some n € N) and an idempotent
e € Idem(A), we define

(e,c) = L(c#tr)(ee, ... e) €C, (1.22)

where we have identified e with a representative in some Mj(A). Note that (by for-
mula (1.21)) it does not matter which representative we choose, since the embeddings
My (A) — Myy1(A) preserve the trace. In fact, the construction is invariant under
several further changes:

210ne could in fact avoid using the cup product entirely by directly verifying that (1.21) defines a cyclic
cocycle.
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1 Preliminaries
Proposition 1.42. Let n,k € N, ¢ € Z3"(A) and e € Idem(A), identified with a
representative e € My (A).
(i) (e,) is a linear map Z3"(A) — C.
(ii) If c is a coboundary, i.e. [c] = 0 in HC*"(A), then (e,c) = 0.
(iii) We have (e, S(c)) = (e, c).
(iv) (-,c) is an additive map Idem(A) — C.
(v) If e ~ f for f € Idem(A), then (e,c) = (f,c).
Proof.
(i) This follows directly from bilinearity of the cup product (see Proposition 1.29).

(i) In this case we also have [c# tr] = 0 in HC?"(Mj,(A)), cf. Proposition 1.29(iii).
Hence c# tr = be for some ¢ € Zf”_l(Mk(A)), but then, using idempotence of e,

nKGJQ::bé@,a..we)::E:(—lyé@z.”,e):ZXQ..WG%

and by cyclicity we have &(e,...,e) = (=1)2""1&(e,...,e) = 0.

(iii) First of all, note that we have S(c)#tr = S(c#tr) (which one can check from
the definitions). Thus, replacing A by Mj(A), we may assume k = 1. Under this
assumption we have e € A, and formula (1.21) yields

(e,c) = Lic(e, ... e).

Now according to (1.20) we have S(c) = (2n+1)(2n+2)b(¢) for some & € C*"F1(A)
such that ¢ = B(¢). Then as in the proof of (ii),

(e, S(c)) = LU @) (e, .. 0) = 2EEe, .. ).

To compare the results we use B(¢) = ¢. Recalling B = Pyowuo (1—\) (cf. (1.9)),
we compute

cle,. .., ):(P)\ouo(l—)\))(é)(e,...,e)
_§: D¥(wo (1 =) (@) (..., e)

(2n—|—1)(u—uo)\)( )(e,...,e)
=(2n+1)(c(1,e,...,e)+c(e,...,e,1))
= (2n+1)(2¢(e,...,e) +e(eT,e,....e) + (e, ... e,eT)).
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1.4 Non-commutative vector bundles

To finish the proof of (iii) we show &(et,e,...,e) + &(e,...,e,et) = 0 using the
fact that b(¢) is even-dimensional and cyclic: on the one hand
2n
b(E)(1,e,...,e,et) =¢e, ... e el) + Z(—l)gé(l,e, e el)
j=1
—E(l,e,...,e,eeJ‘)—1—6(6{6,. ,€) :E(eJ‘,e, ,e) + ¢(e, ,e,eJ‘);
on the other hand
b(@) (et 1e,....e) =c(et,e,...,e)—c(ete, ... e)

2n+1 '
+ Z (—1)36(el, le,...,e)+ E(eeJ‘, le,...,e)=0.
=2

(iv) This follows from formula (1.21) and the fact that the trace of a block diagonal
matrix is the sum of the traces of its blocks.

(v) Let a € GLj(A) such that f = aea™!. It is sufficient to show that the inner
automorphism z + axa~! of My(A) induces the identity map on HC®(Mj(A)).
In fact, this is true for inner automorphisms of any locally convex algebra (cf. [6],
section III.1, Proposition 8).

O
The following is a direct consequence of Proposition 1.42:
Corollary 1.43. The assignment
(le], [e]) = (e, c)
defines a bilinear map Ko(A) x HC®(A) — C.

1.4.3 Connections and a Chern-Weil approach

Chern classes of complex vector bundles over a smooth manifold can be constructed using
connections and their curvature forms in an approach known as Chern-Weil theory.
In this subsection we sketch Connes’ generalisation of this approach for the pairing
described in subsection 1.4.2. A good reference for the classical counterpart is Appendix
C of [12].

In classical geometry, a connection on a vector bundle F over a smooth manifold X
can be defined as a linear map

V:T(E) = T'(E) ®cw(x) 2'(X)
such that for all f € C*°(X) and s € I'(E) we have
V(fs) = fV(s)+s®df.
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Moreover, V canonically induces (or extends to) connections on several vector bundles
related to E, in particular the bundle Q*(X, F) = E ®¢e(x) 2" (X) of differential forms
with values in E.

Let us now generalise this to the non-commutative setting:

Definition 1.44. Fix a unital locally convex dg algebra (2, d) with a continuous algebra
homomorphism p: A — Q0 and a finitely generated projective right A-module P. A
connection on P is a linear map

V:P5 P40

such that
V(sa) =V(s)a+s®dp(a) Vse PacA.
Here the A-bimodule structure on Q! is the one induced by p.

The extension to bundle-valued differential forms takes the following form:

Proposition 1.45. For (Q,d), P, p and V as in Definition 1.44, there exists a unique
linear endomorphism X
V:iPRaAOQ—>PRy0

such that V(s®@w) = V(s)w+s®@dw for all s € P and w € Q. Moreover, for 5 € P@,QF
and o € Q we have ) )
V(30) = V(3)o + (=1)*3do (1.23)

(where we are using the canonical right Q-module structure on P ®4 ).

Proof. The map
F:PxQ—>P®49Q, (s,w)—V(s)w+s®dw
is C-bilinear and fulfils

F(s-a,w)=(V(s)a+s®dp(a))w + sa ® dw
V(s)p(a)w + s @ dp(a)w + 5 @ p(a)dw
V(s)p(a)w + s @ d(p(a)w)

B(

s,a-w),

S

so it induces a linear map P ® 4 0 — P ®4  which is precisely the desired map V.
Uniqueness is clear.
To check (1.23) we may assume 3 = s ® w for s € P and w € QF. Then

V(5w) = V(s) ® (wo) + 5 @ d(wo)
=(V(s) @w+s®@dw)o + (-1)*(s @ w)do

A~

=V(3)o + (=1)*3do

as claimed. O
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1.4 Non-commutative vector bundles

While V is not a morphism of right 2-modules due to (1.23), we claim that its square
@2 = VoV is. Since @2 is C-linear (and in particular additive), it is sufficient to check
that for s € P, w € QF and o € QF we have

@2((3 @w)o) = V(V(s@w)o + (—=1)*s @ wdo)
= V(s @ w)o + (~1)F1V(s ® w)do
+ (=1)*(V(s @ w)do + (—1)*s @ wd?o)
=V (s®w)o,
where we have used that V maps P @4 QF into P ®4 QFHL.

Definition 1.46. With the same context as in Proposition 1.45, we define the curvature
-2
form associated to the connection V to be R ==V € Endq(P ®4 ).

To connect this to the pairing from the previous subsection, consider now a cycle
(2, [, p) over A of dimension 2n, n € N, as in Definition 1.14. By definition, [ is a
linear map 2 — C (zero outside Q%"). It extends?? to a linear map [: Endo(P ®4 Q)
as follows: firstly, since P is finitely generated projective over A, P ®4 {2 is finitely
generated projective over . Hence P ® 4 Q embeds as a direct summand into Q*V for
some N € N, and this realises Endo (P ®4(?) as a subalgebra of My (€2). Now on My (2)
the usual trace of matrices provides a map trg: My (Q2) — Q. Composing this with [
yields the desired extension [: Endg(P ® A) — C. With this in place, the relation to
the pairing of subsection 1.4.2 is as follows:

Theorem 1.47 ([6], Proposition II1.3.8). Let n € N, and (2, [, p) be a 2n-dimensional
cycle over A with character x € Zi”(A). Given a finitely generated projective A-module
P with connection ¥V and curvature form R as above, let [P] € Ko(A) denote the stable
equivalence class of idempotents corresponding to the isomorphism class of P. Then we

have
(Pl ) = / R".

n!

FEzrample 1.48. Let X be a 2n-dimensional compact orientable manifold, and E a complex
rank n vector bundle on X with a connection V. Then R is precisely the usual curvature
form of V. Now consider the 2n-dimensional cycle given by integration on the exterior
algebra Q*(X) as in (1.3). Then I'(E) ®¢eo(x) 2*(X) can be identified with the space
Q" (X, E) of E-valued differential forms, and Endg-(x(2*(X, £)) with Q*(X, End(F)),
where End(E) denotes the bundle endomorphisms of E. Moreover, the extension of [
as constructed above is just integration of the pointwise trace. Hence

1 R"
— [ R" = / tr <> ,
the integral (or evaluation on the fundamental class) of the top component of the Chern

character ch(E). [9]

22In a loose sense; here Q is identified with {idp} ® Q C Enda(P) ® Q = Enda(P ®4 Q), and the
extension as constructed below is up to a multiple.
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2 Non-commutative Tori

Non-commutative tori are non-commutative spaces in the sense of section 1.2, so their
description is in terms of C*-algebras. These C*-algebras Ay, called rotation algebras,
depend on a parameter 6 € [0,1), and Ag is isomorphic to C(T?). Thus, one can view
non-commutative tori as deformations of the classical torus T?, and for this reason the
first section of this chapter is devoted to the C*-algebra C(T?).

The C*-algebras Ay are among the simplest examples of non-commutative C*-algebras.
Moreover, they have several (related) geometric interpretations, which we briefly discuss
at the end of section 2.3.

2.1 The commutative case

Our definition of non-commutative tori will be a presentation, i.e. a description in terms
of generators and relations. To motivate it we first derive such a description of C(T?),
the C*-algebra associated to the usual (commutative) 2-torus. We then define non-
commutative tori by introducing an additional, non-commutative relation.

It is convenient here to realise the torus as S' x S' and view S! as the unit circle in
C. With these conventions, consider the functions U,V € C(T?) defined by

Uz,w) =2, V(z,w)=w VY(z,w)e S xS

Clearly U*U = 1 = V*V, so both U and V are unitary elements of C(T?). The subalge-
bra generated by U, V,U !, V! is dense by the Stone-Weierstrass theorem. Moreover,
this subalgebra is certainly contained in the C*-subalgebra generated by U and V', so
we have C(T?) = C*(U, V).

U and V fulfil no obvious relations, so one might conjecture that C(T?) is freely
generated, as a commutative C*-algebra, by U and V. This is essentially true, but the
word ‘free’ is not used in this context. The category of C*-algebras is too restrictive
to allow for free objects analogous to free groups', so not every set of generators and
relations can be realised as a C*-algebra. When this is possible, one speaks of universal
C*-algebras:

'For example, there is no free C*-algebra on one generator. If it existed, it would be given by a C*-
algebra A with generator a such that for every C*-algebra B and every b € B there is a unique
morphism ¢: A — B with ¢(a) = b. As morphisms are norm-decreasing, this yields ||a|| < ||b]|. Since
b was arbitrary, we get a = 0, which is impossible. Observe that this particular problem can be
avoided by imposing restrictions on the norm of b as in the case of unitary generators.
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Proposition 2.1. C(T?) is the® universal C*-algebra on two commuting unitary gen-
erators. That is, gien any unital C*-algebra A and any pair of commuting unitary
elements U,V , there is a unique morphism ¢: C(T?) — A such that ¢(U) = U and
p(V)=V.

Proof. Existence of ¢ can be checked directly, or using the Gelfand transform from
Theorem 1.8, as follows. By assumption, the C*-subalgebra B := C*(U,V) of A is
unital and commutative. We consider the continuous function

F:GB) =T pe (uU),pn(V)),

which is well-defined because unitary elements have spectrum contained in S'.3 Applying
the functor C' from (1.1), we obtain a morphism

C(F): C(T%) — C(G(B)), h+ hoF.
We have (C(F)(U))(n) = w(U) for all characters p € G(B), which we can express as
C(F)(U) = G(U), where G denotes the Gelfand transform. Similarly, C(F)(V) = G(V).
Therefore, the morphism ¢ := G~! o C(F) has the required properties. Uniqueness is
clear as {U,V} generates C(T?). O

Proposition 2.1 gives a C*-algebraic description of the torus as a topological space. In
order to describe it as a smooth manifold, we should use smooth functions, i.e. C°°(T?) C
C(T?). Here it is convenient to make use of Fourier series, in particular the fact that
a smooth function T? — C can be represented as a Fourier series Zk,zez apeURVE.
Moreover, the coefficients aj, ¢ of a smooth function are of rapid decay, and this in fact
characterises smooth functions on T?2.

More precisely, we define a family of seminorms || - ||,, where n € N, on the space of
complex-valued sequences (ay.¢)k rcz by

lalln = sup ([k| + |€])"|ar.q, (2.1)
k,leZ

and the Schwartz space S (Zz) as
S(2?) = {a: Z* - C| ||a||, < oo for all n € N}.

Smooth functions T? — C are then precisely those whose Fourier coefficients are con-
tained in S(Z?). In summary, we have the following:

Proposition 2.2. The dense subalgebra C>°(T?) C C(T?) = C*(U,V) can be described
as

Co(T?) ={ D arU* V| (aro)reez € S(Z%)}.
=

2As with other universal objects, the definite article 'the’ only applies up to isomorphism.
3This is where the geometry of T? is used. The Gelfand spectrum of any C*-algebra generated by two
unitaries can be embedded into T?.
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2.2 Definition and first properties

We can take this one step further and work directly in S(Z2) by transferring the
relevant structure from C*°(T?). That is, we make S(Z?) an algebra via the convolution
product

(@*b)mpn = Z ap bm—tn—e, a,b€ S(z*), m,n € Z. (2.2)
k(€T

As for the topology, C(T?) is a Fréchet algebra. By equipping S(Z?) with the seminorms
from (2.1), it becomes a Fréchet algebra as well, and we have:

Proposition 2.3. The Fréchet algebra C*(T?) is isomorphic to (S(Z?), ).

2.2 Definition and first properties

Here we define the C*-algebras corresponding to non-commutative tori, and discuss their
dense subalgebras modelling smooth functions. Afterwards we construct a faithful trace
on them, (partially) following [8].

Starting from Proposition 2.1, we may introduce non-commutativity in the form of a
relation between the generators U and V.

Definition 2.4. Let 6 € [0,1). We define Ay to be the universal C*-algebra generated
by two unitary elements U, V', subject to the relation

VU = 2™y v. (2.3)

By universality, we mean that for any unital C*-algebra A and any unitary elements
U,V € B with VU = €20V, there exists a unique morphism ¢: Ay — A such that
p(U) = U and ¢(V) = V. We occasionally shorten notation to > =: ¢, so that
VU =qUV.

Universality defines Ay uniquely up to isomorphism, but we have not yet shown that
it exists at all. An explicit construction is described in section 2.3.

By construction (and Proposition 2.1), A is similar to C(T?), and even isomorphic
to it for # = 0. Therefore, we may think of Ay as the C*-algebra associated to a
non-commutative torus Tg. The algebras Ay are often called rotation algebras?, and
sometimes also themselves referred to as non-commutative tori.

Consider now a rapidly decaying sequence a € S(Z?). Since U and V are unitary, we

have the estimate
1D arU™VE < > kel < oo,
k€ kAEZ
so the series ) ;. , ax U kY€ converges to some element of Ag. This yields a dense subspace

.;(9 = { Z akakVZ | a € S(ZQ)} C Ay.

kLEZ

4An explanation of the name can be found in the next section.
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2 Non-commutative Tori

The product of two series of the above form is given by

( Z ak,EUkvg)( Z bk’,Z’Uklvgl) = Z Z qzk,akvgbk/,g/UmVn.

k,LeZ k,leZ m,n€Z k+k'=m
{40 =n

To describe this via the coefficient sequences, we define

(@ %9 b)mpn = Z eQWM(m_k)gak,gbm_k’n_g, a,b e S(Z*), m,n € Z, (2.4)
k(€7

which can be viewed as a modified convolution. Observe that we have the estimate

|(a *0 b)m,n‘ < Z ‘ak,g||bm_k7n_ﬂ.
ke

Since for a,b € S(Z?) also the sequences |al, |b|, obtained by taking the absolute value
of each entry, are in S(Z?), the right-hand side is the (m,n) entry of |a| * |b| € S(Z2).
From this we conclude that a xg b € S(Z?), so S(Z?) is closed under *¢ and thus Ay is a
subalgebra of Ay.

Remark 2.5. In light of Proposition 2.2, one should interpret Ay as the algebra of smooth
functions on the non-commutative torus Tg. As in Proposition 2.3, mapping sequences
to power series in U and V yields an isomorphism of Fréchet algebras Ag = (S(Z32), *g)
(with the same Fréchet space structure on S(Z?)).

It is useful to also describe the involution in the Schwartz space picture. Since
(ar, UMV = ap VU™ = af (" UV,
the correct definition is
(@ )pe = (a_y _o)*, a € S(Z. (2.5)
In summary:

Proposition 2.6. The map

¢: S(Z%) = Ag, ar Y ap UMV
k€

is a continuous algebra homomorphism fulfilling ¢(a*) = ¢(a)* for all a € S(Z?). Its
image is the dense subalgebra Ay C Ay.

Using Ay, we can construct a trace 7 on Ay as follows. On Ay, define

’7~'( Z akygUkVK) =ap,0 € C.
kLEZ

This is clearly a bounded linear map. In the equivalent picture of S(Z?) (using Propo-
sition 2.6), it corresponds to the projection to the 0,0 entry.

36



2.2 Definition and first properties

Next, given a,b € S(Z?), we compute

(axgbloo =Y ¢ Mared e (2.6)
(=

which is symmetric in a and b. It follows that 7(zy) = 7(yz) for all z,y € Aj.
Similarly, given a € S(Z?) we can simplify (2.6) to

(@ #pa)oo= Y ¢ Mared®atr, = D larel,
(= =

which shows that ¢(z*z) > 0 for all z € Ay, with equality only for 2 = 0.
We now define 7: Ay — C as the unique bounded linear extension of 7. The properties
of 7 derived above then extend to 7, so we have:

Proposition 2.7. The map T defined above is a faithful trace on Ay.

We remark that 7 can also be constructed via averages of an action of T? = U(1)x U (1)
on Ay, as done e. g. in [8, p. 168].

If 0 is irrational, 7 admits a technically useful expression in terms of conjugations with
the generators. To that end, first observe that for k, ¢, m € Z we have

U—m(Uk:VZ)Um _ eQm’mZBUkvé.

Averaging over —M < m < M for M € N, we get

M
1 Ep— ky
m m— D 2.
2M+1m§;MU (UtvHU MOURV, (2.7)
where
1 M ‘
Das(t) : > e teR

TOM+1
m

denotes the Dirichlet kernel known from Fourier analysis (normalised to Djs(0) = 1).
What follows is again clearer in the picture of S(Z?), where we denote the elements
corresponding to U,V by wu,v.> Moreover, we suppress the multiplication symbol g for
cleaner notation. Equation (2.7) then also holds for lower-case u and v. By continuity,
(2.7) generalises from the monomials uFv? to arbitrary elements of S (Z?), yielding

m=—

M
(st E o) =owse aes@ e
kJt

We now use the assumption that 6 is irrational, which implies that £6 is only an integer
for £ = 0. Then the explicit formula for the Dirichlet kernel,

1 sin((2M + 1)7t)

Dy(t) =
() 2M +1 sin(mt)

, teR\Z,

5That is, uk,e = 01100¢ and Vg0 = 00k01¢-
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2 Non-commutative Tori

shows that D/ (€0) — 0 as M — oo, for all £ # 0. We now take this limit in (2.8). Since
Dy is bounded by 1, and the norm on Ay restricted to Ay is controlled by the ¢2-norm,
we can use dominated convergence to conclude that

M
: 1 -m,,m
(ﬁlinoo oM + 1 ZM“ at ) = 000k,
k.t

m=—

Thus the map C/ﬂ: Ag — Ay, defined by

:}Tl@) = lim

-m m 1 9.
M—>002M+1U xU™, x € Ay, (2.9)

is the projection to the part without V', i.e. to C*(U) N Ag. Since this is clearly contin-
uous, we can extend it to ®1: Ag — Ay, and one readily checks that this extension is
given by the same formula, i.e.

[} = 1
@)= Mmooy

UmzU™, xe€ Ay (2.10)

One similarly defines ®5: Ag — Ay with V in place of U, which on Ay projects to the
part without U.6
Still assuming 6 € R\ Q, the above characterises 7 by

By(®1(2)) = ()1, € Ay (2.11)

Indeed this holds on Ay by the above, and extends by continuity. An application is the
following [8]:

Proposition 2.8. Ay is simple if 0 is irrational.

Proof. Let I C Ap be an ideal. Then [ is closed under conjugation by U™ for all m € Z,
so the formula (2.10) shows that ®1(I) C I. Similarly, ®3(I) C I, but then (2.11) implies
T(I)e C I. If I # 0, it must contain a nonzero positive element x (e.g. y*y for any
y € I\{0}). Then 7(z) > 0 by Proposition 2.7, which implies 1 € I and thus I = Ay. O

Assuming existence of Ay (see next section), this shows that all realisations of the
commutation relation (2.3) are equivalent:

Corollary 2.9. If 0 is irrational, all unital C*-algebras generated by unitary elements
U,V fulfilling relation (2.3) are isomorphic (to Ay).

Proof. Let B, with unitaries U, V be such a C*-algebra. Then, by definition of Ajp, there
is a surjective morphism ¢: A9 — B. Surjectivity implies that the ideal ker ¢ cannot
equal Ay, hence the kernel is trivial by simplicity of Ay, and ¢ is an isomorphism. [

As will be visible in the next section, there are non-isomorphic C*-algebras realising
relation (2.3) if 6 is rational, leading to the perhaps surprising fact that rational rotation
algebras are more complicated to construct than their irrational siblings.

5%, and ®, can also be described more conceptually, as averages of an action of U (1) on Ay, see e. g.
[8, p. 167].
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2.3 Existence and further descriptions

2.3 Existence and further descriptions

We now describe a way of constructing Ag. In the C*-algebra £(L?(S')) of bounded
linear operators on L?(S'), consider the elements U, V given by

(UN)(z) = 2f(2), (VI)(z) = f(™2) VfeL*(S"), zes"

It is easy to see that U and V are norm-preserving and hence unitary. Moreover, we
have

UV f(z) = 2f(e’™z)

and
VUf(Z) — 627m'92f(627ri02) — EQMQUV]C(Z)

for all f € L?(S') and all z € S1, so these operators satisfy relation (2.3). We claim
that for irrational § the C*-subalgebra A = C*(U,V) C L(L*(S')) generated by U and
V' is universal in the sense of Definition 2.4. If 6 is rational, we will see that this is more
subtle.

To prove our claim, it is convenient to work with the dense subalgebra of A which,
assuming our claim, corresponds to Ap. That is, we consider the subset

Ao ={ ) arU"V* | (are) € S(2%)},
kleZ

which (as in the previous section) is a subalgebra of A. Moreover, Ay is clearly closed
under taking adjoints. By continuity, closure under addition, multiplication, and taking
adjoints extends to the (topological) closure Ag, from which we conclude that A = Ag.

Passing from series with rapidly decaying coefficients to finite sums, we get the sub-
algebra Agg generated by U, V,U*,V*. Since Agyg is dense in Ay, we conclude from the
previous paragraph that A = Agg. We now establish that the monomials U*V* form a
basis of Agg.

Lemma 2.10. The set {U*V*: k0 € Z} C L(L?*(SY)) is linearly independent and hence
a basis of Agy. Moreover, the map Z* — L(L?*(SY)) given by (k,£) — U*V?* is injective
if and only if 0 € R\ Q.

Proof. We use the orthonormal basis (e, )mez of L?(S!) given by e,,(z) = 2¥. With
respect to this basis, U and V take on the simple forms

Ulem) = em+1, Viem)=q"em VmeZ,

so they correspond to a shift operator and a multiplication operator.
Now suppose we have

> apUMVE=0 (2.12)
k0
for a finite linear combination. Applying it to e, yields

D> akeqd™ emir =0,

k¢
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2 Non-commutative Tori

which implies

Z areq™ =0
¢

for every (fixed) k. Varying m, we can re-interpret this as

Zak,geg(qm) =0 VmecZ. (2.13)
¢

At this point, we distinguish the cases § ¢ Q and 6 € Q.

If 6 is irrational, the set {¢"" : m € Z} is infinite. Then ), ay ¢e; is the restriction to
S1 of a polynomial with infinitely many zeros, hence zero everywhere.

If § = c/d € Q, with ¢,d € Z relatively prime, then V¢ = V* for all £.”7 Hence, we
may assume that ¢ ranges from 0 to d — 1 in (2.12) and (2.13). Again, the left-hand side
is the restriction of a polynomial, which in this case has d distinct zeros (at all the d-th
roots of unity ¢, m = 0,...,d — 1). Since the maximal value of ¢, which is an upper
bound for the polynomial’s degree, is d — 1, the polynomial must be zero.

In both cases, we conclude that ar, = 0 for all £ and all k£, which proves linear
independence. The second assertion is now clear. ]

Now assume 6 Z Q, and let B be an arbitrary unital C*-algebra B with two unitary
elements U, V fulfilling VU = ¢**®UV. Then by Lemma 2.10, we can uniquely define a
linear map ¢qo: Agp — B by setting

boo(UFVY) = ka/@, k(e

Since U, V,U,V are unitaries, ¢oo is bounded and can thus be extended to a linear map
¢: A — B. Moreover, ¢go by construction preserves multiplication and the *-involution.
By continuity, so does ¢, so it is a morphism of C*-algebras. We have now verified that
A satisfies the definition of Ajy.

Remark 2.11. In light of Corollary 2.9, it is not surprising that the preceding construction
realises Ag. However, the explicit verification was indeed necessary because Corollary
2.9 hinges on the existence of some realisation of 4y. We could instead have established
this existence more abstractly, and immediately concluded A = Ay from the corollary.
See [8] for such an approach.

In case 0 € Q, expressed in least terms as ¢/d, the same construction for ¢ only works
under the additional assumption that vi=1. However, it is not hard to find examples
of (B, U, ‘7) for which this is not the case. For instance, one can modify the C*-algebra
A from above by setting

Uf(z) = 22f(2), Vf(z)=f(e"%), VfeL*S), zeS,

"In this case, writing £ € Z, as in the statement of the lemma, may be somewhat misleading, since only
finitely many second indices are needed.
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2.4 Derivations and basic cyclic cocycles

and then V has order 2¢ instead of ¢. Even more drastically, one can take the original
construction with —# in place of # and swap U and V. Nevertheless, Ay also exists for
6 € Q. Explicit constructions can be found e. g. in [2] or the expository paper [10].

That being said, there are several other approaches to and definitions of the C*-
algebras Ay. In particular, their existence follows from more general constructions.
Here we briefly mention some of them, as well as related concepts.

Firstly, Ag can be viewed as a twisted group C*-algebra of the group Z2, cf. [9,
p.62]. The group C*-algebra of a locally compact group G is the C*-algebraic analogue
of its group algebra C[G], and is important in its representation theory (on Hilbert
spaces). To construct it, one can start with the Banach algebra L!(G) (defined using
Haar measure) equipped with the convolution product. This can be made a *-algebra,
which in general does not fulfil the C*-property. From there, one obtains the group C*-
algebra loosely speaking by taking an appropriate completion with respect to a certain
stronger norm. The twisted group C*-algebra is obtained similarly after deforming
the convolution product in L'(G). For G = Z?2, the usual convolution product on
LY(Z?) = (Y(Z?) is defined as in (2.2), whereas the modified product in (2.4) is an
example of such a deformation.

Secondly, Ay is associated with the action of Z on the circle S' by the rotations
m-z = e*™Y where m € Z and z € S'. This induces what is also called an action of
Z on the C*-algebra C'(S'). More generally, given an action « of a locally compact group
G on a C*-algebra A, one can form the so-called crossed product C*-algebra Ax,G, cf. [6,
p.171]. The rotation algebras Ag are (isomorphic to) the crossed products C(S?) x Z
with respect to the action mentioned above. This explains the name ‘rotation algebra’.
[1, p.524-526].

Another C*-algebra related to Ay is the one associated to the foliation of the torus
T? by lines of slope @ (in the picture T? = R?/Z?). Again, this is an instance of a more
general construction assigning a C*-algebra to a foliated manifold via its holonomy
groupoid, as described in [6]. One can show that this foliation C*-algebra is Morita
equivalent to Ay, see [1, ch. 12] for a discussion. This, as well as the previous example,
sheds light on the importance of whether 6 is rational. Indeed the action of Z on S' and
the foliation of T? both have significantly different properties for rational 6.

Lastly, it should be mentioned that (for irrational #) apart from the particular explicit
realisation discussed above, several others appear naturally. By corollary 2.9, any pair
of operators U,V satisfying (2.3) generate a realisation of Ay. Examples of such pairs
of operators include those coming from the time evolution of position and momentum
operators in quantum mechanics, as well as the time and frequency shift operators of
time-frequency analysis.®

2.4 Derivations and basic cyclic cocycles

This section treats two related pieces of structure on non-commutative tori which have
close analogues in the commutative case. First we describe two basic derivations corre-

8In fact, our realisation can be viewed as an instance of these on S*.
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2 Non-commutative Tori

sponding to the standard coordinate vector fields on T?. We then use these derivations
to construct four explicit cyclic cocycles. In section 2.5 it is shown that these cyclic
cocycles generate the periodic cyclic cohomology.

Definition 2.12. A derivation on a topological algebra A is a continuous linear map
f: A — Asuch that f(ab) = f(a)b+ af(b) for all a,b € A.

To conveniently describe a derivation f: Ay — Ap, we can use that

FOY" arU* v = 37 apo(FURVE+URF(VY)

k.lcZ ke
= Z apo(U---Uf(O)U--- UV  + UV .. VF(VI)V - V),
k(€L

so f is completely determined by f(U) and f(V). Two particular choices are §; and J,
with

(51(U) = 27TiU, 51(V) =0 (2.14)
(52<U) = 0, (52(V) = 2miV (2.15)

These definitions amount to the explicit formulae

51( Y ar UMV = > (2mik)ay UFVY, (2.16)
keZ k,leZ

S( Y ar UMV = Y (2mil)ay UFV? (2.17)
kcZ k,leZ

for a € S(Z?*), where convergence of the sums as well as continuity of &1, s follows from
the definition of S(Z2).

Remark 2.13 (Interpretation as vector fields). In the commutative case = 0, 01, 02 can
be viewed as derivations of C°°(T?) and thus as vector fields on T2. A convenient picture
for this comes from the covering map p: R? — T? given by p(s,t) = (e2™ ?™). The
push-forwards p,01, p«02 of the coordinate vector fields on R? form a global frame of T?2.
To describe their action on a function f € C(T?), lift f to f € C(R?), so that

(p+0;) (/) (€™, €™) = (0, f)(s,t) Vs, t €R,j=1,2.

But J~” is precisely the Fourier series of f viewed as a (doubly) periodic function on R2.
It follows that p.0; is precisely the vector field corresponding to the derivation §;.

The trace 7 and the derivations d1, d2 can be combined to define cyclic cocycles on .,zlg
[6][13]. This hinges on the following observations:

Lemma 2.14.

(i) 61 and 6y commute, that is, 61(82(a)) = d2(d1(a)) for all a € Ay.
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2.4 Derivations and basic cyclic cocycles

(ii} 7'051 :7’052:0.
Proof. Both assertions follow immediately from (2.16) and (2.17). O

Definition & Proposition 2.15. Define Hochschild cochains ¢1,¢2 € C'(Ag) and
¢12 € C*(Ag) by
¢j(ao,a1) = 1(apdj(a1)), j=1,2

and
(1512((10, aj, ag) = T((lo51(a1)52(a2)) — 7'((1052(&1)51(&2))

for ag, a1, a2 € Ag. Then @1, ¢2, P12 are cyclic cocycles.

Proof. Let ag,ay,as,a3 € Ag, and j € {1,2}. Firstly, we have
¢j(ar, ao) = 7(0;(ao)ar) = 7(4;(aoar)) —7(aod;j(a1)) = —¢;(ao, ar),
=0

using traciality of 7, the derivation property of 4;, and Lemma 2.14. This establishes
that ¢; is cyclic. Similarly,

p12(az, a0, ar) = 7(51( 0)02(a1)az) — 7(82(ao)d1(ar)az)
—7(agd1(d2(ar))az) — T(apda(ai)di(asz))
+ 7(apd2(d1(a1))a2) + 7(apdi(a1)d2(az))
= ¢12(ag, ar, az),

So ¢12 is cyclic.
Using cyclicity, we have

b(¢;)(ao, a1, az) = T(apaidj(az)) + 7(arazd;(ao)) + 7(azaod;(ar))
= 7(53'((10@1(12)) =0.

Finally, both summands of ¢12 are cocycles individually. For example,

T(apaid1(az)dz(as)) — 7(apdt (a1az)dz(as))
+ 7(apd1(a1)d2(azas)) — T(az2apd1(ai)d2(az))
= 7(apa101(ag)d2(as)) — 7(apdi(a)azdz(as)) — T(apai1(az)dz(as))
+ 7(apd1(a1)d2(az2)as) + 7(apdi(ar)azd2(as)) — 7(apdi(ar)d2(az)az) = 0.

O
Remark 2.16. The 0-cochain fitting in the pattern of ¢1, g2, P12 is 7 itself. In degree 0,

cyclicity is trivial and a cocycle is the same as a trace (in the purely algebraic sense), so
T is also a cyclic cocycle.
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2 Non-commutative Tori

These cyclic cocycles can also be obtained as the characters of rather simple cycles
over Ay [6]. To this end, consider Qy = Ay @ A*C? with the graded algebra structure
induced by A*C? (i.e. viewing Ay as a trivially graded algebra), but with a new graded
derivation d defined by

d(a ®v) = 61(a) ® (e1 Av) + da(a) @ (e3 Av), a € Ag,ve A*C2 (2.18)

Graded commutativity of the wedge product and the derivation property for 41, 2 ensure
that d is a graded derivation, and d?> = 0 is a consequence of Lemma 2.14(i). We now
introduce four closed graded traces on 2: any element w € €) can be written as

w=ay®1+a e +as®ez+ a2 ® (€1 Aeg)

for ag,ai,as,ais € Ag. Letting j stand for 0, 1, 2, or 12, define

/j wi=1(a),

which is easily seen to be closed and graded tracial. Moreover, comparison with Defini-
tion 2.15 immediately yields the following:

Lemma 2.17. The cyclic cocycles T, ¢1, ¢2, P12 € HC"(A@) are the characters of the
closed graded traces fo, f17f2’f12 constructed above (in this order).’

~

Remark 2.18 (Commutative case). In the commutative case § = 0, we have Qy =
C>®(T?) ® A2C? = Q*(T?), and this identifies d as defined in (2.18) with the exte-
rior derivative (compare with Remark 2.13). Moreover, 7 maps f € COO(’]I‘Q), expressed
as a Fourier series f(e2™, e2mit) = Dokt ag 0> BT to its constant part ag . Hence, if
vol € Q%(T?) denotes the standard volume form on T? normalised to [1, vol = 1, we can
interpret 7 as 7(f) = [p» f vol. This volume form corresponds to (47%) "' ®(e1 Ae2) € Qg,
and we thus obtain similar descriptions of the remaining cocycles. In particular, [ 1o COT-

responds to
1
O%(T? - — /
( ) o 477'2 T2 v

so ¢12 is (up to a factor) the standard cyclic cocycle obtained from integration as in
(1.3).

2.5 Cyclic cohomology of 219

This section is devoted to the cyclic cohomology of non-commutative tori, or more pre-
cisely of the Fréchet algebras Ay. In [13], cyclic cohomology is computed for non-
commutative tori of arbitrary dimension, which are defined analogously to the two-
dimensional case treated in this thesis. Here we follow the computation made in [13]
while specifying to two-dimensional non-commutative tori, which simplifies several steps.

9To precisely follow definition 1.14, we are using the cycles (£, p, f]) where (2 is as above and p identifies
Ap with Ay ® A°C? C Q.
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The strategy is to first describe the Hochschild cohomology HH .(./Ig) via a suitable
projective resolution, and then compute H P (.;tg) from a spectral sequence as in Theorem
1.36. From there, one can extract HC*(Ap) without much difficulty. The results are
collected in Theorem 2.22 below.

2.5.1 A projective resolution of Ay

Here we describe a projective resolution of finite length for the Fréchet algebra Aj,
similar to a Koszul resolution of a commutative ring, following the presentation in [13].
As in the standard resolution (see subsection 1.3.1), this will be a complex of modules
over the enveloping algebra ;l;

Consider the sequence

do dy

0 P

P Py = Ay —> Ay —0, (2.19)

where )
P =A, @ A""C?, m=0,1,2,

¢ denotes multiplication Ay ® AZ’” — Ay, and the module morphisms d are defined (on
bases) by

da(le®@er Ney) =1, —U T @U) Qe — (1. -V I V)®e,
di(le®@er) =1 ~U'@U, di(le®e) =1l—V '@V

Here e; = (1,0), ez = (0,1) are standard basis vectors of C? and 1. := 1 ® 1 denotes the
unit of the enveloping algebra.

The signs in the definition of d are chosen so that dy o do = 0, and e o d; = 0 is also
immediate from the construction. Thus (2.19) defines a chain complex of (free) Ag-
modules. Moreover, this complex is in fact acyclic. We show this here by exhibiting a
contracting homotopy o, but it also follows from the embedding of P, into the standard
complex, which will be discussed in subsection 2.5.3.10 That is, o consists of C-linear
maps o_1: Ag — ;lz, 0p: ,zlz — Py, 01: P1 — P5. In degree -1, we simply have o_(a) =
1®a for a € .219, whereas the other two are defined on tensor products of the monomials
U"V*® (and extended uniquely). In their definition, we use the notation

n ZZ:Ov n Z 07

> =10, n=-1, (2.20)
_ -1

k_o _Zk:n-i—l’ TL< _].,

adapted from [13]. Note also that all products denote the usual product of Ay, even in
the tensor factor corresponding to the opposite algebra.'! Now, for 1,79, 51, 52 € Z we

0The latter is how acyclicity is shown in [13], and the contracting homotopy given here was obtained
by following the argument there.
1186 we would write the product of a1 ® b1 and a2 ® bz in the enveloping algebra as aiaz ® b2b;.
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set
ri—1
UO(U”V‘” ® UTQVSQ) — Z /(Uﬁ*k ® UkV31 UT’QVSQ) ® e1
k=
s1—1
+ /(UT1Vs17€ ® VEUTQng) ® 62,
/=0
and
s1—1
o (UMVRUPV2)@er) =— Y (UMVI L @VIUPV?) el Aey,
/=0

ol (UMVH@U™V) R ey) = 0.
We verify that this really defines a chain homotopy from idp, to 0. Firstly,
eo_i1(a)=la=a VYaec A
Secondly, for all 11, s2,79, S0 € Z we have

(d1(70 + 0_16)(UT1V51 & UTQVSQ)

r1—1
=) (Ut eUVSRURYVR2) (1, - U @ U)
k=0
s1—1
+ Y UV VUV (1 - VI e V) + 1o U VUV
=0

— UTl ® Vsl U"‘Q V52 _ 1 ® U7'1 Vsl U"‘Q V52 _j’_ UTl Vsl ® V52 UT2
— UM @ VAUV + 1@ UIVAUY = UV @ VU™,

the definition of >’ ensuring that the telescoping sums work out correctly for all integer
exponents.

Similar computations for deo1 4+ opdy, applied to basis elements, involve eight and four
sums respectively. After applying the commutation relation (2.3) for some of them, they
cancel in pairs almost completely. The result is daoy + ood1 = idp, .

Finally, one more telescoping sum computation yields o;ds = idp,. Altogether, this
shows that o is a contracting homotopy, so (P, d) is acyclic and hence a projective
resolution.

2.5.2 Hochschild cohomology of A,

Using the projective resolution (2.19), we can compute the Hochschild cohomology of
Ay by applying the functor Hom 2\2(" AZ) That is, we have to compute the cohomology

of the cochain complex Hom ;\Z(P" ;l;) whose coboundary maps are given by precom-
position with d,.
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2.5 Cyclic cohomology of Ag

We start with a description of the dual space ;l; As was shown in Proposition 2.6,
the map
¢: S(Z%) = Ag, ar > ap UMV
k0

is an isomorphism. Dualising ¢ then yields an isomorphism from .Zl; to the dual of S(Z?),
whose elements are known as tempered sequences. Although an element of S(Z?)* is
formally a linear functional f: S(Z?) — C, it can indeed be identified with the sequence
(fi,0)k0ez given by fre = f(exs), where ex o € S(Z?) is defined by ey (7, s) = 0k Ops.
Continuity of f is equivalent to |f| being bounded by some positive linear combination of
the seminorms defining the topology on S(Z?). Since these seminorms come in strictly
increasing order of dominance, one of them suffices, so f is continuous if and only if
there exist N € N and C' > 0 such that

[f(@)] < Cllally  Va € S(2%).

As it is sufficient to have this estimate for a ranging over the ey ¢, we can say that the
sequence (fr¢) is tempered'? if and only if there exist N, C as above such that

| frel < C(E| + €)Y Vk, L€ Z.

One can now similarly define tempered sequences with values in an arbitrary normed
vector space X. We let TS(X) denote the space of all X -valued tempered sequences, that
is, sequences (2 ¢)k ez in X such that there exist N € N and C' > 0 such that

|zrell < C(k|+ )Y Yk, £ € Z.

In other words, x is tempered if || - || o z is tempered in the usual sense.
Such tempered sequence spaces are in fact modules over .;4; For .;l; the action is
given by
(a®d)- f(b) = f(a'ba) Va,d,be Ay, fc A,

This can be rephrased as

UV U™V UMV = f(UrveRUrvionve)
— q€r1+r152+52kf(Uk+r1+r2 VE-I—SH-SQ)
vrlv Tr2,81,52, ka le Za
so in the picture of sequences the action is

UMV @U™V™2) @) = ¢ 2 0y s, (2.21)

Observe that the action deﬁnegl in (2.21) makes sense on all spaces of tempered sequences,
so they all are modules over AS.

12i e. describes a continuous linear functional on S(Z?)
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2 Non-commutative Tori

Here we shall use tempered sequences valued in A™C?, with m = 0,1,2. An ;lg—linear
map f € Hom A (.;tg ® A™C?, ;l;) is uniquely determined by the elements f(1. ® ej)
where e; denotes standard basis elements of A™C? (induced by the standard basis on
C?). Each f(le®ej) € ;l; corresponds to a tempered sequence, and the same data can
also be packaged into just one tempered sequence valued in A™C?. Explicitly, we assign
to f the tempered sequence ¥y, (f) € TS(A™C?) given by

Cm(P)re =Y (f(le@en)) UV )er VL€ Z. (2.22)

I

This defines a map ,,: Hom AZ(Pm,.Zl;) — TS(A™C?) which is easily seen to be

linear over A, and bijective. Thus, we may replace Hom A (P, Ap) with TS(A™C2).

Having described the spaces in the dualised complex by tempered sequences, we now
also translate the coboundary maps to this setting. For m = 0, take z € TS(C). Then,
forall k,¢ € Z,

1 (g () 0 di)ky

= (1 (x) 0 d1)(1e ® e )(UFV e + (g L (x) 0 d)(1e @ ea)(UFV ey
=95 @)l = U @)UV )er + 45 @) (1 = VT @ V)TV ey
= ((1le—U'Q@U) - z)pper + (1o = VIR V) - 2)g e

=(1—q YHagrer + (1 - ¢")zp e

A similar computation shows that for z € TS(C?), written as z(Ve;+2(e; for 21, 2() ¢
TS(C), we have

V(W7 o da)e = (1 — g O)al) — (1 - )af))er Aea.

Let us note that both maps can be interpreted in terms of the wedge product in the
exterior algebra A*C?, which lifts to sequences in A*C? by applying it entry-wise. If we
denote by ¢ € T'S(A*C?) the sequence

Go=1—qgHer+(1—q"ea Vk,leZ, (2.23)
then the coboundary operator in the tempered sequence setting is simply
EN(): TS(A*C?) — TS(A*C?)

(restricted and corestricted appropriately). Note that although ¢ is not tempered, it is
bounded, so & A z is tempered whenever z is. .
We now compute the Hochschild cohomology of Ay as the cohomology of the complex

0 < TS(A2C2) < TS(AlC?) < TS(A’C?) < 0

Like many aspects of rotation algebras, the result depends on whether # is rational. In
case 0 is rational, we always write it as m/n with m € Z, n € N, and ged(m,n) = 1.
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2.5 Cyclic cohomology of Ag

Since the wedge product in TS(A*C?) is an entry-wise operation, both the kernel and
the image of £ A - are described by separate equations for every index pair (k,¢). The
equations at k, £ become trivial precisely when &, = 0, i.e. when 0 and k6 are integers.
If 0 is irrational, this happens only for &k = ¢ = 0, whereas for § = m/n all indices nr, ns
with r, s € Z fulfil this condition. Triviality of the describing equations means that any
tempered sequence supported only at indices where £ vanishes is a cocycle.

Let us now turn to indices (k,¢) such that &, ¢ # 0. Then the equation

e Nz =0

in A*C is solved by precisely those z € A*C? of the form z = & ¢ Ay for some y € A*C?.
It follows that a cocycle z € TS(A*C?) must be of the form = = /¢ Ay for a not
necessarily tempered sequence y = (y.¢)k¢cz With values in A*C?, and 2/ € TS(A*C)
supported only at the zeros of £. Such a cocycle vanishes in cohomology precisely when
2’ = 0 and y can be chosen to be a tempered sequence. Hence we have:

Theorem 2.19 (cf. [13], Theorem 4.1). The Hochschild cohomology HH®(Ap) is iso-
morphic to the direct sum of

1. the subspace of TS(A*C?) consisting of all x € TS(A*C?) for which zy 4 = 0 except
when 0k, 00 € Z, and

2. the space of all tempered sequences in TS(A*C?) of the form x = & Ay, where
Y = (Yk.o)keez has values in A*(C?), quotiented by the subspace of all such x for
which y may be chosen to be tempered,

with the grading induced by the usual grading of A*C?.
Remark 2.20.
1. In particular, HH"(Ag) = 0 for n > 2.

2. The first direct summand in Theorem 2.19 is isomorphic to C if 4 is irrational, and
to TS(A*C?) otherwise, the latter via sending = to y defined by v, s = Ty ns-

3. If we normalise y in the second item of Theorem 2.19 by imposing y = 0 whenever
k6,0 € Z, then it will be uniquely determined (by the sequence & A y).

4. For = 0, the Hochschild cohomology of Ay = C°°(T?) is isomorphic to the space of
de Rham currents of T? (cf. [5]). In terms of our computation, § = 0 implies £ = 0,
so the Hochschild cohomology is fully captured by the first direct summand in
Theorem 2.19. By item 2 of this remark, we then have H H*(C>(T?)) = TS(A*C?).
Translating back from the S(Z?) picture to smooth functions, this can be seen to
coincide with the dual space of QF(T?) as expected.
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2 Non-commutative Tori

2.5.3 Computation of S, I, B spectral sequence

Equipped with a description of the Hochschild cohomology, we now aim to compute
the periodic cyclic cohomology of Ay, using the tools from subsection 1.3.4, that is, the
spectral sequence associated to the exact couple

HC*(Ag) J HC*(Ay)

Tl A

HH*(Ag)

Before going into any computations, let us observe that this spectral sequence collapses
on the second page. To see this, note that any nonzero element of im S has degree at
least 2. Now for n > 2 we have B" = 0 (because its domain is zero), so im B” = 0 and
thus ker S"~1 = 0 by Theorem 1.30. In other words, S is injective on €P, < HC’/T\L(.;lg)
and thus on im S. But this means that the induced map S’ in the derived couple is
injective, so im B’ = ker 8" = 0, which yields B’ = 0 and thus do = I'B’ = 0. A similar
argument works for every subsequent page.

Hence, it is sufficient to compute the second page, that is, the cohomology of HH .(.;lg)
with respect to IB. Note that IB can be defined on the cochain level, where it corre-
sponds to viewing B as a map C*(Ag) — C*(Ay). To simplify notation, we will denote
this operator I B on cochains simply by B.

We now have to translate the operator B acting on Hochschild cochains to the picture
of tempered sequences, in which we have described the Hochschild cohomology. In [13],
an embedding of P, into the standard complex (see subsection 1.3.1) is given explicitly.
More precisely, this is an injective map of complexes h,; it consists of h_1 = id, hg = id,
and the .;l;—linear maps

B : Ag @ AC? = Ay @ (Ap)%™, m = 1,2,
defined by

ho(le®@er Ae) = (U 'V i) oVelU -V iU 'el)eUeV,
hi(le®@e) =U '@ @U, h(le®e) =V '1o1)V.

A (continuous) left inverse of this embedding is provided by ke, defined by

r—1 s—1
M@ UV =Y U e UV ) @+ UV @ V) 0e
k=0 =0
for all r,s € Z and
s1—1 ro—1
/@2(1e QUMVH ® UT2V52) — Z / /(UT1V81Ur2—kV—é ® VeUkVSQ) ® e1 A ey
(=0 k=0
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2.5 Cyclic cohomology of Ag

for all r1, s1, 72, $2 € Z, using the primed sum notation (2.20).
Lastly, one has to be aware of two different versions of the Hochschild complex ap-
pearing here. One of them is C"(Ap, b) as per Definition 1.13. The other version is the
- z
immediate result of applying the functor Hom a5 (-, Ap) to the standard resolution of Ay.
We shall denote it as

~n o~

C"(Ag) = Homyze (A ® A5 ", Ay), n €N,

with coboundary maps denoted b* obtained from the boundary maps of the standard
resolution. They are identified by the isomorphism of cochain complexes (1.4).

The overall situation on the cochain level is summarised in the following diagram,
where we have denoted the action of the functor Hom ]lf}(" .21;) with an asterisk:

C?(Ag) ———— CY(Ag) =———— C°(Ay) 0 (2.24)
P (Ag) ~— M (A~ E° () 0
Ry | B3 st | | ht
d3 dx
0 Py Py Py 0
qﬁQlN 1!)1l~ wgl’\‘
EN- EN-

Conjugation with the isomorphism C*(Ag) = C°(Ay) transforms B (as defined in
(1.9)) to the operator B, given explicitly by

B f(1e)(a0) = f(le ® ap)(1) + f(Le ® 1)(ag), (2.25)
Bg(1e @ a1)(a0) = g(1c ® ag ® a1)(1) — g(1e ® a1 @ ag)(1)
—g(le®ay ®1)(ag) + g(le ® ap ® 1)(aq) (2.26)

for f € C’l(.;lg) g€ Qz(Ag) and ag, a; € Ay.
We now describe B in the setting of tempered sequences. Firstly, let x = zWep +
2Pey € TS(A'C?). Then f = ki () € C’l(;le) is given by

1

<

1

_ 1
F(le @ UV (U2V) = /qr281+(7"1 k)(51+52)$7(~1)+r2,31+32
k=0
s1—1
’ 1 2
+ q(m-i-rz) +r152x5~1)+r2,31+527 71,792,851, 82 € Z,
=0
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2 Non-commutative Tori

) ~1
so the map corresponding to B~ sends x to

(WoB' (f)rs = B (f)(1)(UV?)
= fle@ U VHUV) + f(1. @ UVO)(UTVH)

[y

_k)sx&) + Z’qr£x£25), r,s €Z, (2.27)

)

ol

=0

since t}Nle2 second term in the second line vanishes.
For B”, take x € TS(C) and view it as the sequence rej Aeg € TS(A2C?) (also denoted

z). Tt corresponds to g = wiihy ! (z) € C’z(.;lg), with

g(le @ UMV @ UT2V52)(U™ V)

s1—1 ro—1
! kl+rs(l+s2)+r1(b+s2+s3)+(ro—k)(+s1+s2+s
- Z § : o 2+ 2hss)Hra—k)( L 3>$7"1+T2+7’3,81+82+837
(=0 k=0
T1,72,73, 81,852,853 € Z. (228)

In contrast to hg, hq is not the identity; we compute

(1hiB(9))r.s
= 1B (9)(1e ® ) (U"V)er + b B (9)(1e ® €2)(UTV*)es

=B (o)(U 2 )@ U)W Ve + B (9)(V @ 1) @ V)(UTV e,
= ¢ B (g)(1e @ U'VO)(U™V*)er + B (9)(1e @ UV UV ey

Applying formula (2.26), one finds that each time only one of its four summands is
nonzero. The exponents of ¢ in (2.28) also simplify drastically, and one is left with

r—1
(¢1h* Z/qrﬁxr s€1 — Z/q(r_k)sxr,se? (229)
k=0

Comparing (2.27) and (2.29), one is led to consider the A*CZ-valued sequence n =
(nr,s)r,sez defined by

r—1
Nr,s = (Z/q r—k)s )61 + (Z’ 7‘€> (2.30)
k=0

To describe the results in terms of 7, let us briefly recall some linear algebra. The vector
space A*C? has a standard inner product, namely the one for which {1,e1,e2,e1 A ez}
is an orthonormal basis. Given v € A*C?, we may consider the endomorphism 7, €
End(A*C?) given by = + v A z, and in particular form its adjoint 7}*. Its matrix
representation can be read off from the identity

(Tx(er),eq) = {er,vAey) VI, JC{l1,2}.
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2.5 Cyclic cohomology of Ag

Now if v = aej + bey, then one finds that
T:(1)=0, T;(e1)=a, T,(ex)=0b, T,(e1Ne2)=—bes+ aey,

and from this the relation to equations (2.27) and (2.29) is clearly recognisable. Passing
back to sequences, we define T)y € End(TS(A*C?)) entry-wise as acting by T,.. on the
(r,s)-entry. We can now express our result as

(Ym-10h}_ 0B " ory o) (x) =T (z), m=1,2,2¢€TS(A"C?).

With this we have completely translated B into the tempered sequence setting. On the
cochain level the result is represented by the following diagram, which fully commutes
in cohomology:

C2(Ag) — > CM(Ag) — > CO(Ay) 0
Ay —B M) — B Ay 0
k3| | h3 k1| |RT

Py Py P

%i"‘ %LN wol’\‘

T, T,
0 —— TS(A%C?) — = TS(A'C?) — = TS(A’C?) ——=0

To unify notation, we now also write { A - as T;. Computing the second page of
our spectral sequence amounts to computing the cohomology of H*(TS(A*C?), T¢) with
respect to the coboundary 7.

As before, this initially decomposes into entry-wise linear algebra problems for each
index (r, s), which depend on whether &, s and 7, s vanish. First of all, for r = s =0 we
always have £ o = no0 = 0. If (r,s) # (0,0), then we claim that one of &, s and 7, s is
always nonzero. Indeed, suppose & = 0. Then we must have § = m/n € Q (written
in lowest terms), and r,s € nZ. But then the summands ¢ ks and ¢"* appearing in
the definition (2.30) of 7, s are all equal to 1. Since (r,s) # (0,0), one of the sums is
nonempty, so 7, s 7# 0.

We will in fact need something stronger in this direction. The following is analogous
to Lemma 5.1 in [13] and Lemma 52 in [5]:

Lemma 2.21.

1€r.s ¥(r,s) € Z*\ {(0,0)}.

s 1
+ P
”77”'75|| =4 ‘7’| + |S|
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2 Non-commutative Tori

Proof. Let (r,s) € Z?\ {(0,0)}. From the definition (2.30) of 1, one computes that
751> = A+ B, where

2 2

Ao ‘1_qrs‘2/’1_qs’27 qs?éL B ‘1_qrs’2/’1_qr‘2’ qr#l,
e, ¢® =1, 5%, ¢ =1,

and from (2.23) one directly reads off that
lersll* =11 = q"* + 1 = ¢° .

Whenever ¢" =1 or ¢° =1 we have A+ B > 1 and the claim follows, so assume from
now on that ¢",¢®* # 1. Then

L (=g [1-q7 )
+ > — + =g+ 1 —¢]).
Il > 5 (=t 4 e
Now express ¢" € S as ¢" = ¢'® with a € [-7,7). Then A > 1 if dist(sa, Z) > |af,
and this is certainly the case if sa € [—7,7].13 We may thus assume that |sa| > 7 or
equivalently |a| > 7/|s|, from which it follows that

I1—¢"| =v2—2cosa > /2 —2cosn/|s| > n/(2|s])

(using 1 — cosz < 22/8 for x € [—m,n]). Together with the analogous statement for s
this yields the claimed inequality. O

Lastly, it is useful to observe that £ and 7 are perpendicular. This can be checked
directly from the definitions, where it becomes a telescoping sum computation. However,
it also follows from the fact that 7 has to map the T¢-coboundary £ to another Tg-
coboundary, hence to zero for degree reasons. Indeed, this implies that

0= (T, (), 1) = (&) (2.31)

Now let (r,s) € Z*\ {0,0} and z € A°C%. We can have z € kerTg, , only when
&rs = 0. Then n,. s # 0, and one easily concludes that x = Ty for some y € A'C?. More

precisely, assuming 177(«15) # 0, we may take y = x/ 17,(,15) e1, which also establishes ||y| < ||z||

since &5 = 0 implies 777(}8) € 7. (If 777(«15) = 0, use a similar construction with the other

component.) Having assumed &, s = 0, this y is (trivially) contained in ker T¢, .. This
argument lifts to tempered sequences without problems: if 2 € TS(A°C?) N ker T, ¢, then
the above construction yields y € TS(AYC?) Nker T¢ such that = — T,y is supported only
in the (0,0) entry. Hence

HO(H*(TS(A*C?),T¢), ;) = C. (2.32)

3Visually, this is the case where ¢", ¢*", ..., ¢"® does not wrap around the unit circle.
Tn fact with 21/2 in place of 4, but we used 7/4 < 1 earlier in the proof.
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2.5 Cyclic cohomology of Ag

Let us now pass to A'C2. To avoid excessive case distinctions, let {v1,v2} € A'C? be
an orthonormal basis such that &, s = ||&s||v1 and 7, s = ||7)ys||v2. We have

span{vi}, &5 #0,

102 _
ker T, ,NAC” = {A1C2 6 —0

and, using ker Ty == (im T,,..)*" and (2.31),

span{vi}, s # 0,

ker T NANC? =
" {Alcz, s = 0.

Similarly, one finds that

span{vi}, &5 #0,

im T, NA'C? =
’ {0}7 gr,s = 0,

and
Span{vl}) Nr,s 7é 07
{0}, Nr,s = 0.

Hence, if (r,s) # (0,0) and z € A'C* NkerTg,  Nker T}, then z = al|z||v; for a € S,
and we can express it as

imT; NA'C® = {

z="Te, (y) + T, (2)

for y € AYC? and z € A%C2.
In order to lift this to tempered sequences, let us take a closer look at the possible
norms of y, z as above. Identifying z with a complex number via A%C? = C, we have

allzllvr =T, . (y) + Ty, (2) = Wl&rsll + bzl s])or

(where b € S' is such that T, .(e1 Aea) = bl|nsllvr), and the only condition on y, z is
that

!

= allz].

yl1&rs |l + b2]nrs

Choosing appropriate phases, this further reduces to
!
yllI&rsll + [zl |mrs]| = 1],
and a straightforward attempt is to try |y| = |z| =: p, which is then determined by

+ s ) llzll /2. (2.33)

p= (ng,s

Now, if z € TS(A'C?)Nker TeNker T,, then by the argument above there are sequences
Y,z such that @ — Tgy — Tz is supported only at (0,0). Moreover, according to (2.33)
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2 Non-commutative Tori

and Lemma 2.21, they can be chosen to be tempered (because dividing the tempered
sequence (||zys||)r.s by (7] + |s])r,s again yields a tempered sequence). We conclude

H'(H*(TS(A*C?),T¢), T;) = A'C?. (2.34)

Finally, T is injective on A2C? whenever 7,5 # 0. Thus, z € TS(A2C?) N ker T,
can only have nonzero entries at (r, s) such that n,s = 0. Apart from (r,s) = (0,0), we
have &5 # 0 at all such (r,s). Thus, one can construct a sequence y valued in A'C?
such that  — T¢y is supported only at (0,0), and, as before, Lemma 2.21 ensures that
y may be chosen tempered. It follows that

H?*(H*(TS(A°C?),T¢), ;) = A°C?. (2.35)

We can now fully describe the periodic cyclic cohomology of Ay, and also deduce the
cyclic cohomology from it:

Theorem 2.22 (cf. [13], Theorems 5.4 and 6.1). Let § € [0,1).

(i) HP(%[@) =~ A*C? with corresponding gradings. Here the degree of a class in
HP (A@) is the lowest cocycle degree in which a representative exists. In particular,
HCO(Ay) = C@ C and HCM(Ay) = C? as graded vector spaces.

(i) Hev(;lNg) is generated by the equivalence classes of T € Zg(.;lg) and ¢12 € Zi(.llg).
HOoM(Ap) is generated by the equivalence classes of ¢1, s € Z3(Ag). (See Defini-
tion 2.15.)

(iii) The cyclic cohomology is given by

(Ag) = span{[7]} @ ker S,
HC’l(,Ztg) = span{[¢1], [¢2]} ® ker Sl,
HC?(Ay) = span{[p12]} ® im S® = span{[p12], [S7]},
(Ag) =2 HC®"(Ap) n > 2 even,

(Ag)

Proof. Part (i) follows from (2.32), (2.34), (2.35), and Theorem 1.36.
To prove the second assertion, we translate the claimed generators into the setting
of tempered sequences. As before (cf. diagram (2.24)), this is done by applying the

isomorphism C*(Ag) = C°(Ay), followed by s o h%. This identifies
o 7 with (%0 e TS(AC?),
e ¢; with x(®%¢; € TS(A'C?), j = 1,2, and

o oo with x(©0¢; Aey € TS(A%C?),
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2.5 Cyclic cohomology of Ag

where x(%9) € TS(C) is the sequence with entry 1 at (0,0) and 0 everywhere else. For
example, ¢ corresponds to f € Hom A (Ag,AZ) given by

f(le ® a1)(ao) = 7(agdi(a1)), ao,a1 € Ag,
and we have

h(f)(le@e)(U'V®) = (U @ 1) @U)UV?)
= 7(U"VSU16,(D))
_ T(UTvs) — X(O,O)

rs

whereas

P (f)(1e ® e2)(UTV?) = 0.

Thus, the proposed generators correspond precisely to a basis of the tempered se-
quences in A*C? supported only at (0,0), and as we have seen, these can be identified
with HP(Ay).

Lastly, let n = 0,1,2. The image of HC™(Ap) in HH"(Ap) under I then includes the
degree n generator(s) of HP(Ag) from part (i). Moreover, since HC™(Ag) C ker IB (by
definition of B), the space

I(HC™(Ap))/im(IB) = HC™(Ay)/(im B + ker I)

can be identified with a subspace of H"(HH®(Ay),IB). This subspace contains the
generator(s), so it is precisely the span of the generator(s). It follows that HC™(Ap) is
a direct sum of said span and im B + ker I. By Theorem 1.30, the latter is the same as
ker S 4+ im S, and the claims of (iii) follow. O
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3 Difference-Differential Equations

The aim of this chapter is to introduce an application of the understanding of non-
commutative tori built up in chapter 2, in particular of H C‘”’(.;lg). The application
in question is to a class of difference-differential equations on the real line. In sec-
tion 3.1, this is set up by equipping the Schwartz space S(R) with the structure of
a non-commutative line bundle over Ag. A particular connection on this bundle is
then used in section 3.2 to realise a large class of difference-differential operators as
(pseudo)differential operators in that setting. As shown by Connes [6], the classical
notion of ellipticity generalises well to these operators, and there is in fact an index
theorem for such elliptic operators. Section 3.3 briefly illustrates this in examples. This
chapter is based on [6].

3.1 S(R) as a noncommutative vector bundle

As discussed in Section 1.4, smooth vector bundles over non-commutative tori can be
realised as finitely generated projective modules over Ag. There is in fact a full clas-
sification of these modules, see Theorem I11.3.14 in [6] (and references there). Among
the simplest of them is the (complex-valued) Schwartz space S(R) with right Ag-module
structure defined by

(f-U)t) = ft+80), (f-V)t)=e"tf(t) VfeSR)tecR, (3.1)

where we have changed our convention to 6 € (0, 1].

Remark 3.1. It is rather non-obvious that this module is finitely generated projective,
and we shall not prove it here. A proof of a more general statement can be found in
[17]. To see what happens in the commutative case, i.e. when 6§ = 1, consider the space
of quasiperiodic functions

D {f € CR(C) | f(z+1) = f(2), f(z+1) = ¥f(2) Vz=a+iyeC},
which becomes a module over C*°(T?) with the actions
(f - U)a+iy) =™ fle+iy), (f-V)(@+iy) =™ f(z+iy).

This is precisely the module of sections corresponding to the complex line bundle over
T? = C/7Z? obtained from C x C by factoring out the Z-action

(m,n) - (2,¢) = (z + m+in,e?™R¢), mneZ, 2 ¢ecC.
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3 Difference-Differential Equations

As is explained in [7], any element f € I can be written uniquely as

fa+iy) =3 iy —n), ayeR
ne”L

for a Schwartz function f € S(R). This yields a C-linear isomorphism I' — S(R), f — f.
The induced C°°(T?)-module structure on S(R) is precisely the one given in (3.1).

We will also need the following explicit description of the endomorphisms of this
module [6][4]: one has Endy (S(R)) = Ay = (U, V' : V'U' = e2m/0U'V"), such that
the generators correspond to the maps given by

V(N = fE+1), (V()E) =e*™f1), feSR),teR  (3.2)

Thus, a general module endomorphism of S(R) is represented by > jcz ake(V’ (U e
.211/9, which acts as
SMR)> fr— Y g f(-+10), (3.3)
LEL

where g, € C*(R) is the periodic function of period 6 given by the Fourier series g4(t) =
ZkEZ a,k7g627rkit/9.

Let us now construct a connection on the module S(R) with respect to the dg algebra
Qy = Ay ® A*C? (defined in (2.18)). The construction can be motivated from the
commutative case § = 1: to fully define a connection V on a vector bundle E over
T2, it is sufficient to define V(s)(9;) for some global frame {9y, 82}, for every section
s € T(E). As discussed in Remark 2.13, the derivations &1,y on Ay can be viewed as
such a global frame. To put this idea to use, it remains to generalise the action of Q!(T?)
on vector fields to an action of Qé on derivations of Ag. For such a derivation 8, and
w=a®e +b®ey € N}, one is led to define

w(d) == ad(U) +b5(V) € As. (3.4)

Using (3.4) (heuristically), we may decompose a linear map V: S(R) = S(R) ® 4, Q5
as

Vi=Vi(f)@(1®e)+Va(f) @ (1®er) € SR)®Q), fe€SMR), (3.5)

where V;(f) € S(R) is interpreted as the covariant derivative of f by d;. Then one
checks that V is a connection if and only if

Vi(fa) =V;(f)a+ fi;(a) VfeSR),ac Ag,j=1,2. (3.6)

In what follows, we will be using the following choice of Vi, Va: S(R) — S(R) [6, p. 349],
which defines a connection by (3.6):

Vi) = 5 IO, Va(NB =) VeS®LtER  (37)

To characterise this connection and the given non-commutative vector bundle, one
may compute the curvature form for V:
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3.2 Elliptic operators and index

Proposition 3.2. The curvature form of the connection V: S(R) — S(R)® 4, Q defined
by (3.7) and (3.5) is R = 25* @ e1 A ey € Endg, (S(R) ® 3, $20)-

Proof. By definition, R = @2, where V: S(R) ®3z, 20 = S(R) @z, Qp is the extension
from Proposition 1.45. Since R raises degree by 2, and €y has top degree 2, it is sufficient
to compute R on S(R) ® 4, Qg. Any element of this space can be written as f ® (1® 1)

for f € S(R) (where the first 1 is in Ay and the second in A*C?). This has the advantage
that d(1® v) = 0 in €y for any v € A*C2. We now compute
R(f® (1) =V(V(H1e1)
V(Vi(f) ® 1@ er) + Va(f) ® (1@ e2))
VIVi(H))(A @ er) + V(Va(f) (1 @ e2)
(Vi(Va(f) = Va(Va(f))) @ (1@ e1 Aes)
=20 f (1@ e Ae).

As aright Q9 module endomorphism of S(R)® 5 €2, this is just the action of ZiRer Aey €
Q2 as claimed. O

From here on, one can use Theorem 1.47 to describe the action of HC®” (Ag) on S(R),
and in particular distinguish it from the free module Ay [6, p. 232][5, p. 139].

3.2 Elliptic operators and index

In the previous section, we introduced S(R) as a finitely generated projective module
over Ay, and equipped it with a connection V. In constructing this connection, we
already used the maps Vi,Vs: S(R) — S(R), which can be interpreted as covariant
derivatives with respect to basis vector fields. Indeed, in the commutative case 6§ = 1,
they are precisely the covariant derivatives by coordinate vector fields, obtained from V
(cf. Remark 2.13). This motivates the following definitions taken from [6]:

Definition 3.3.

(i) A differential operator (associated to V) is a linear operator D: S(R) — S(R) of

the form .
D = Z Z ck,N’fVQ,

3=0 k,£>0
k+i=j

with ¢x ¢ € Endy (S(R)) = .;ll/g. Assuming ¢y, ¢ # 0 for some (k,¢) with k+£ = n,

we call n the order of D.

(ii) The (principal) symbol of an order n operator D as in (i) is the map o: S — .Al/g
defined by

O'(],‘,y) = Z Ck,¢ Ikye V(x,y) € Sl - RQ‘
k+l=n
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3 Difference-Differential Equations

D is elliptic if o(z,y) is invertible (in ./211/9) for all (z,y) € S*.

Despite their abstract origins, differential operators D as defined above describe rather
explicit equations, which can be viewed as generalisations of differential equations on the
real line. Indeed, V3 acts exactly by differentiation. In addition to differentiation, the
action of V allows multiplication by polynomials. Lastly, the ¢ ¢ act asin (3.3), i.e. by
forming finite differences, with smooth periodic coefficients. In particular, one can realise
many difference-differential equations this way. By a difference-differential equation, we
mean a functional equation involving differentiation as well as translation of functions
= f(-+40), ¢ € Z. Explicit examples are discussed in section 3.3.

Ellipticity leads to similar regularity results as in more classical settings. Here we
view D as above as an (in general) unbounded operator on L?(R) with domain S(R).
We then have:

Theorem 3.4 ([6] Theorem IV.6.2). Let D be an elliptic operator as in Definition 3.3.
Consider D as a (possibly unbounded) closed operator on L*(R) (taking the closure if
necessary). Then:

(i) D is Fredholm, and
(ii) for f € L*(R) such that Df = 0 we must have f € S(R).

Moreover, there is a rather explicit index theorem, which relates the Fredholm index
ind D to the symbol and the cyclic cohomology of the locally convex algebra C>°(S?, A, /6)
= C0®(SN ® A, /p- The formula involves two particular cyclic cocycles of C>(S?, Ay /6)5
which can be constructed as cup products.

To begin with, let p € HCY(C®(S')) denote the standard cyclic cocycle obtained
from integration as in (1.3). That is,

oot = [ fods

Via the cup product, we can immediately define two cyclic cocycles m = p#7r €
HCHC™®(SY, Ay jp)) and 73 = p#tdra € HC3(C®(SY, Ay jp)).

Observing that for an elliptic operator in our current sense, the symbol ¢ and its
pointwise inverse ¢! are both elements of C"X’(Sl,.;ll /6), we can now state the index
theorem:

Theorem 3.5 ([6], Theorem IV.6.3). For an elliptic operator D as in Definition 3.3,
we have

1
o Yoot o) —m(o L o). (3.8)

ind D =
- 6 o

1
Gz
In order to apply this theorem in examples, one needs to explicitly compute the
expression on the right-hand side of (3.8). To that end, we unravel the definitions of 7
and 73. First of all, it is sufficient (by density and multilinearity) to describe 71 and 73
on tensor products f ®a, with f € C°°(S!) and a € .211/9. Secondly, our definition of the
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3.3 Examples

cup product (above Proposition 1.29) was in terms of the universal dg algebras, whereas
here it would be convenient to use the given dg algebras Q2*(S') and €, /o instead. Using
the universal property of the universal dg algebras (see Remark 1.24), one checks that
this is indeed possible. That is, 7 and 73 are the characters of the closed graded traces
on Q*(S1) ® Q9 defined by [o @ [, and [ ® [, respectively. (Here [, [}, are as
defined in Lemma 2.17.) To simplify the notation, we will suppress wedge product signs
as well as the inclusion map A, /0 — Q10

Now given fo, fi € C*(S') and ag, a1 € .211/9, we have

(fo®ap)d(f1 ® a1) = fodfi ® apar + fof1 ® apda;.

Since fo is zero-dimensional, we only need the first summand, finding

m1(fo ® ao, f1 ® ar) = (/sl ®/o> (fodfi ® apay) = /91(f0df1)7(a0a1)- (3.9)

Similarly, given fo, f1, f2, f3 € C°°(S') and ag, a1, as,a3 € .,zll/g, we have (with the
sign rule (1.15))

(fo ® ag)d(f1 ® a1)d(f2 @ az)d(f3 @ as3)
= (fo ® ao)(df1 faf3 ® ardasdas — fidfsfs @ dayasdas + f1f2dfs ® daidasas)
= fodf1f2f3 ® apardazdas — fo frdf2f3 ® apdaiazdas

+ fofif2dfs ® agdaidasas.

This leads to the formula

73(fo ® ao, f1 ® a1, fa ® az, f3 @ a3)

— /Sl(fodflfgfg)T(aoalél(al)ég(ag) — a0a152(a1)51(a3))
—/ (fofrdf2f3)T (aodi(a1)d2(az)as — agda(ar)dy(az)as)

Sl

+ /Sl(fof1f2df3)7(a051(a1)az52(a3) — apda(a1)azdy(az)) (3.10)

While there are more concise or conceptual ways to express these results (see pages 359
and 360 of [6]), (3.9) and (3.10) are sufficient for simple examples.

3.3 Examples

Here we explore some of the possible applications of Theorem 3.5, starting with simple
examples. To begin with, an order 0 operator D = cg is simply the action of the
element coo = ), .7 (U")"(V')* € ,211/9, and the symbol is the constant map with value
co,0- Thus D is elliptic if and only if ¢ o is an invertible element of ./zll /0- Hence an order
0 elliptic operator will be invertible and therefore trivially have index zero.
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3 Difference-Differential Equations

Things already become much more interesting for first order operators, of the general
form D = co 0 4 c10V1 + cp,1 V2. We can write the symbol as

o(t) = o(cost,sint) = costcip+sintcyi, teR.

Clearly, D cannot be elliptic if either of ¢; o, co,1 is zero, or if ¢; o is a real scalar multiple
co,1. However, other scalar multiples work: for instance ¢1 9 = U’ and ¢ 1 = iU’ leads
to the invertible symbol o(t) = e*#U’ and, assuming there are no order zero terms,
corresponds to the ODE

—2mi(t + 1
m(aﬂf(t+1)iif’(t+1) =0, teR
which can of course be simplified to

F(8) = i%”tf(t), teR. (3.11)

Let us compute the index for this operator!. Firstly, o(t)~' = eT%(U’)~!. By formula
(3.9) we have

27
(ot o) = / +i7(1) = £2m1i,
0
whereas (3.10) leads to
(07 0,07, 0)=0—-04+0=0,

because each summand contains a term §3((U’')*!) = 0. Altogether, the index formula
(3.8) yields ind D = F1.

To interpret this, note that the nonzero solutions of (3.11) are given by ¢ — ce
c € C. For the equation with a positive sign, this means that there is no nontrivial square
integrable solution, i.e. the kernel is trivial and hence the co-kernel is one-dimensional.
In the version with a negative sign, we see that the kernel is one-dimensional, so the
cokernel must be trivial. In other words, the inhomogeneous equation

+rt2/0
)

7@+ = o), ter

has a solution for every g € L*(R). Note also that the existence of a nontrivial solution
was guaranteed by the positive index in this case.

For the ODE (3.12), the above results are of course not hard to verify directly. How-
ever, we are free to include an order zero term cpp, turning (3.11) into a difference-
differential equation

f(t) = %tf(t) +) gt ft+0), teR (3.12)

LeZ

lthese two operators to be precise, one for each sign choice
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3.3 Examples

as in (3.3). Even for simple choices of the g, (e.g. finitely many constant functions),
the resulting equations become significantly harder to analyse, but the corresponding
operator remains elliptic with unchanged index.

It should be noted that the constant 27r/6 in (3.11) is of no importance in this example.
Indeed, taking cp; = aiU’ for a € R\ {0} still yields an elliptic operator, and an
only slightly more complicated computation shows that its index is sgn(a). Moreover,
replacing U’ with V'’ in the above leads to the same equation.

In fact, the previous example does not make much use at all of the noncommutative
setting (hence the minor role of @), as it involves only one generator of .211 /0. Perhaps
the simplest attempt for an operator that combines U’ and V' would be ¢ = al’,
co,p = BV’ for some o, B € C\ {0}. However, for t ¢ § + 7Z, o(t) is invertible if and
only if —f/atan(t) is not in the spectrum of (U’')(V')~!. A simple computation shows
that this spectrum is S!, so independent of o, B there will always be some ¢ for which
invertibility fails. To obtain an elliptic operator one has to work harder.

In the previous paragraph, the issue was that the (real) line through the origin of
direction —3/a in C has to intersect the spectrum of (U’)(V')~!. Replacing (U’)(V')~!
by a general element a € A, /6, one can avoid this problem by choosing a with suitable
spectrum. In particular there is no problem when the spectrum of a lies on a ray not
intersecting the origin, i.e. when a is a suitable scalar multiple of a strictly positive
element. This is in fact already reflected in our first example, corresponding to a being
a non-zero scalar. Elliptic operators arising in this way from strictly positive elements
of A; /6 are discussed in [6, p. 354].

To illustrate the role that the parameter # can play for the index, let us mention
another example from [6]. Here we assume 6§ ¢ Q, in which case A; /o contains a nontrivial
self-adjoint idempotent known as the? Powers-Rieffel idempotent p such that 7(p) = 1/6.
[16] To construct it, one realises A; /g as a C*-subalgebra of L(L?(R)) in the same way as
in (3.2). Asin (3.3), this lets us write elements of ,211/9 as Y ez 9e(U")E, where g, denotes
the multiplication operator associated to a smooth #-periodic function g,. One makes
the ansatz p = f_1(U')~! + fo + fiU’ for 6-periodic smooth functions f_1, fo, f1. Self-
adjointness of p then necessitates that fo = fo and f_1 = f1 = fi(- — 1). Furthermore,
idempotence leads to the further conditions

e fifi(-+1)=0,
e (fo+ fo(-+1))f1 = f1, and
o f§+ 1A= fo

These conditions can be fulfilled by choosing fo and f; accordingly. The details can be
found in the original paper [16] or also in [6], which also contains the following result:

Proposition 3.6 ([6], Corollary 1V.6.5). Let g_1, g0, 91 be smooth 0-periodic functions

2There isn’t a unique such idempotent, but there is a standard construction for such idempotents.
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3 Difference-Differential Equations

such that

1
S lfet) =gt <1 VteR (3.13)
{=—1
for f—1, fo, f1 from a fized Powers-Rieffel idempotent. Then the difference-differential

operator
1

(Du)(t) = tu(t) = Y gt/ (t+10), ueSR) (3.14)
l=—1

is elliptic with index 1+ 2[1/6].

Here, the index visibly depends on 0: the smaller the parameter, the larger the index.
Changing 6 also changes the period of the gy, which can of course be avoided by rescaling
all functions involved, e. g. replacing fy by fz(6-). In this setting, we must have fyfi(- +
f) = 0, which results in a shrinking of supp(f1) as 6 approaches 0 (i.e. as the index
grows), so the g+1 become progressively more localised. Under this point of view, (3.13)
is a family of conditions, parameterised by 8, to be placed on a difference-differential
operator of the form (3.14). Loosely speaking, a more extreme condition (small 0)
corresponds to a higher index.
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Glossary: Special Notation

(C*(A),b) Hochschild cochain complex over A. 7
(C3(A),b) cyclic cochain complex over A. 11

QA universal dg algebra over the algebra A. 12
¢ closed graded trace representing c. 14

I inclusion operator HCS(A) — HH*(A). 15

B Connes operator HHY(A) - HC*(A). 15

# cup product. 18

S periodicity operator HCY(A) — HC*(A). 19
Ay rotation algebra with parameter 6. 35

q defined by ¢ == 2™ 35

Ay dense subalgebra of Ay interpreted as smooth functions. 35
7 faithful trace on Ay. 37

d; basic derivations on Ag, j=1,2. 42

¢; distinguished cyclic cocycles on Ag, j=1,2,12. 43

n

Z’ modified sum notation. 45
k=0

TS(X) tempered sequences valued in X. 47

T, wedge product with v. 52

67






References

José M. Gracia Bondia, Joseph C. Varilly, and Héctor Figueroa. Elements of Non-
commutative Geometry. Birkhauser, 2001.

Marc De Brabanter. “The classification of rational rotation C*-algebras”. In: Archiv
der Mathematik 43 (1984), pp. 79-83.

Jacek Brodzki. An Introduction to K-theory and Cyclic Cohomology. 1996. URL:
https://arxiv.org/abs/funct-an/9606001.

Alain Connes. “C* algebres et géométrie differentielle”. In: C.R. Acad. Sci. Paris
Sér. A-B 290.13 (1980), A599-A604.

Alain Connes. “Non-commutative differential geometry”. In: Publications mathé-
matiques de 'L H.E.S. 62 (1985), pp. 41-144.

Alain Connes. Noncommutative Geometry. Academic Press, 1994.

Francesco D’Andrea, Gaetano Fiore, and Davide Franco. “Modules Over the Non-
commutative Torus and Elliptic Curves”. In: Letters in Mathematical Physics
104.11 (2014), pp. 1425-1443.

Kenneth R. Davidson. C*-Algebras by Example. American Mathematical Society,
1996.

Masoud Khalkhali. Basic Noncommutative Geometry. European Mathematical So-
ciety, 2013.

Wayne M Lawton. Tutorial on Rational Rotation C*—Algebras. 2021. URL: https:
//arxiv.org/abs/2111.02932.

John McCleary. A User’s Guide to Spectral Sequences. Cambridge University Press,
2001.

John W. Milnor and James D. Stasheff. Characteristic Classes. Princeton Univer-
sity Press, 1974.

Ryszard Nest. “Cyclic Cohomology of Non-commutative Tori”. In: Can. J. Math.
XL.5 (1988), pp. 1046-1057.

Jet Nestruev. Smooth Manifolds and Observables. Springer-Verlag, 2003.
Georges de Rham. Differentiable Manifolds. Springer-Verlag, 1984.

Marc A. Rieffel. “C*-Algebras Associated with Irrational Rotations”. In: Pacific
J. Math. 93.2 (1981), pp. 415-429.

Marc A. Rieffel. “Projective Modules over Higher-Dimensional Non-commutative
Tori”. In: Can. J. Math. X1.2 (1988), pp. 257-338.

69


https://arxiv.org/abs/funct-an/9606001
https://arxiv.org/abs/2111.02932
https://arxiv.org/abs/2111.02932

References

[18] Richard G. Swan. “Vector bundles and projective modules”. In: Trans. Amer.
Math. Soc. 105 (1962), pp. 264-277.

70



	Preliminaries
	C*-algebras
	First definitions
	Commutative C*-algebras
	Further general theory of C*-algebras

	Non-commutative spaces
	Cyclic cohomology
	Hochschild cohomology
	Traces and cyclicity
	Relating Hochschild and cyclic cohomology
	A spectral sequence for periodic cyclic cohomology

	Non-commutative vector bundles
	Describing vector bundles
	Action of cyclic cohomology
	Connections and a Chern-Weil approach


	Non-commutative Tori
	The commutative case
	Definition and first properties
	Existence and further descriptions
	Derivations and basic cyclic cocycles
	Cyclic cohomology of Aθ
	A projective resolution of Aθ
	Hochschild cohomology of Aθ
	Computation of S, I, B spectral sequence


	Difference-Differential Equations
	S(R) as a noncommutative vector bundle
	Elliptic operators and index
	Examples

	Glossary: Special Notation
	References

